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Introduction 



0.1 Radius of convergence of p-adic differential equations 

It is well-known that any system of linear differential equations with complex analytic coef- 
ficients on a complex open disk admits a full set of solutions convergent on the whole disk. 
It is also well known that the same fact does not hold over a non-archimedean field k that 

contains the field of p-adic numbers. For example, solutions of the equation — = / are 

convergent only on an open disks of radius The question is actually of interest over 

any non-archimcdcan field k of characteristic zero (we do not exclude the case of a trivially 
valued k). What is the behaviour of the radius of convergence of a system of differential 
equations with fc-analytic coefficients as a function on points of the fc-analytic affine line ? 
Of course, one has to give a precise meaning to this question since points of fc-analytic spaces 
are not necessarily fc-rational. We recall in fact [5, 1.2.2] that to any point a; of a /c-analytic 
space X, one associates a completely valued extension field M'{x) of k, called the residue 
field at x; the point x is k-rational (resp. rigid) iff J'^{x) = k (rcsp. [J^{x) : k] is finite) ; 
X{k) (resp. Xq) denotes the subset of A:-rational (resp. rigid) points of X. On a smooth 
X, fc-rational points admit a fundamental system of open neighborhoods which are open 
polydisks, but this is not the case for general points, not even using the etale topology [10, 
Corollary 2.3.3]. 

Let X be a relatively compact analytic domain in the A;-analytic affine line = A^, and 
suppose we are given a system 



of linear differential equations, with G a jix jj, matrix of fc-analytic functions on X. If x € X 
is a fc-rational point, let R{x) — R{x, S) denote the radius of the maximal open disk in X 
with center at x on which all solutions of E converge. If x is not necessarily fc-rational, 
the ^(x)-analytic space X^^(r^) X(E)J^tf(x) C A\^^^^ contains a canonical ^(x)-rational 
point x' over x which corresponds to the induced character Jf{x)[T] J^f{x), and we 
define R{x) as the number R(x') for the system of equations on Xj^i^^-^ induced by S. A 
more precise formulation of the above question is as follows. What is the behavior of the 
function X — > ]R>o , x H- R{x) ? For example, is it continuous ? The latter question is not 
trivial since a precise formula for the radius of convergence involves the infimum limit of an 
infinite number of continuous real valued functions on X (cf. §3). 

A problem of the above type was considered for the first time in the p-adic case in a 
paper by Christol and Dwork (in a slightly different setting). Namely, let X be an affinoid 
domain in that contains the open annulus 



Then there is a continuous embedding [ri,r2] ^ X, r ^ io,r, where to,r is the maximal 
point of the closed disk of radius r with center at zero. Christol and Dwork proved that, for 
any system of differential equations S on X, the function [ri, r2] M>o , r ^ inf(r, R{to^r)) 
is continuous [19, Theoreme 2.5]. 

The following example, which we learned from Christol, should convince the reader that 
the variation of the radius of convergence presents, in general, some non obvious features. 

Example 0.1.1. ([17], [32, III. 10. 6]) Let A; be a non-archimedean extension of Qp, p > 2, 
containing an element tt such that tt*""^ = —p. It is well-known that the Dwork exponential 



(0.1.0.1) 



^ dy 



(0.1.0.2) 



B{n,r2) = {xeA^ 



In < \T{x)\<r2}. 
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converges precisely for |T| < p^, where /? = ^j^. We can check this by comparison with the 
Artin-Hasse exponential series 



(0.1.1.1) 



exp(T+ — + — + ...) eZp[[T]] 

p p^ 



evaluated at ttT, which converges for \T{x)\ < pp-^ (> p^). A crucial remark here, and all 
over the present example, is that if we have a relation 

/(T) = g{T)h{T) 

among invertible power series f,g,h G fc[[T]], and if the radii of convergence of g and g~^ 
(resp. h and h~^) coincide, while the radii of convergence of g and h are distinct, then the 
radius of convergence of /(T) is the minimum of the radii of convergence of g{T) and h{T). 
Now, F{T) is a local power series solution at of the differential equation 

dy 



(0.1.1.2) 

so that i?(0, T,) = p^. A more interesting result is that if we set S := — p-, so that 
(0.1.1.3) / 
then, for R{t) = R{t,E), 



p-1 1 ^ 



1 



p — I p^ P — 1 ' 



(0.1.1.4) 



m = 



p^ if |i| < / , 
p\t\'^-P if |t| >/ . 



So, at least if \t\ ^ p^ , the following picture illustrates the behavior of R{t). 




logJIil) 



Figure 1: Radius of convergence of E at t, for \t\ ^ p^ ■ 

Proof. It follows from [31] that if tti is such that tt^ + pTTi = tt the series 
(0.1.1.5) exp(7ria; + TTX^/p) 

converges precisely for |a;| < 1. Therefore, if C satisfies = p and b := the radius of 
convergence of 



(0.1.1.6) 



exp {irixP + bx)) = E{xP + bx) 



where E{x) := expirx, is exactly Kl"^ = p^^^- The calculation of R{t) now follows from the 
product decomposition of the solution f{x,t) e ^{t)\\_x — x{t)\\ of S at t with f{t,t) = 1, 

(0.1.1.7) f{x,t)=¥.{xP -x-t^ + t) = 

Y.{{x-tY + h{x-t))B{{-l-h + pt'i'-^){x-t)) \{'E([t)t''^''{x-tf\ . 

fe=2 / / 

In fact, the previous estimate shows that the dominant term in (0.1.1.7 ) is E ((—1 — b + ptP~^){x — t)) . 
\ogp{\x-t\) 




Figure 2: Radii of convergence of factors in (0.1.1.7) 

Therefore 

(0.1.1.8) R{t) = \-l-h + ptP-^\-^ . 

Now, 6P = -1 + 2^1, so that |1 + 6p| = p-i+Vp > |p|. Consideration of the Newton polygon 
of the polynomial 

(x - If -bP = xP - pxP-^ + 1-bP 

which kills 1 + 6, shows finally that 

\l + h\=p-f' . 

This concludes the proof since 

I - 1 -h + pt^-^\ = meo^ip-^, \pW-^) , 
unless the equality = takes place, in which case \t\ = p*. □ 

In the region \t\ = p^ we do not get from (0.1.1.4) a complete description of R{t). The 
transfer theorem ([23, IV.5] or (5.1.2) below) implies that R{t) > p^ , and the main result of 
this paper, i.e. continuity of t i— > R{t), together with proposition 6.0.9, imply R{t) = p^ in 
almost all residue classes D = D{c,{p^)~) with |c| = p^ . This is because, by formula 6.0.9.1, 
if i?(a;) > p/^ in D, then in fact R{x) > }j^+'^/|a;-c| all over D. Then, ifxGD, R{x) < p^+^, 
for e > 0, can only take place in Ao^e := {.x G D | |x — c| > p^^'^ }. But a union IJ^ ^d,£ 
contains a neighborhood of io.a in D{c, (p^)^) only if D runs over a finite set of classes. 

By a closer examination of (0.1.1.7) Christol shows that there are 1 exceptional open 
disks of radius p^, centered in the zeros c of the polynomial —1 — b + pcP~^ = 0, where R{t) 
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is strictly bigger than p^. Notice that |c| = for such zeros. In such an exceptional class, 
one obtains a priori 



(0.1.1.9) R{t) 



pi(l-A-(p-2)) if |i _ c| < pKl-'5(P-2)) , 

\t - C|- V"^^^-'^ if <\t-c\<p^ . 



We point out that 

(0.1.1.10) / < p^(i-*(p-2)) < pi , 

so that the value of R{t) in the exceptional classes is bigger than the value at their boundary, 
as expected. 
Now, for 

we have R{t) > p5(i~''(p~2)) ^-j^^ transfer principle. But R{t) > pi(i-''(p-2)) jg impossible, 
since the disk D{t,R{t)~) would properly intersect the region p2 (i-'5(p-2)) ^ |f — c| < p^, 
where the second line in (0.1.1.9) gives a different exact value. 
The conclusion is that if —1 — 6 + pd'~^ = one has 



(0.1.1.11) R{t) 



pi(l-i(p-2)) if 1^ _ ^1 < pi(l_5(p_2)) ^ 

\t - c\-^pi-Sip-2) if p|(l-*(p-2)) <\t-c\<p^ . 



The behavior of R{t) in any of the p—1 exceptional classes is summarized by the following 
picture. 



logp{R{t)) 



i(l-%-2)) 




\ R{t)=p^-^^P-^^\t 






1 h\ 




i \ R{t) =p\t-c 



l{l-5{p-2))S ^ logp(|t-c|) 



Figure 3: Radius of convergence of S in an exceptional class 



The previous calculations give a complete description of the function R{t, E) on A^. The 
conclusion is summarized in Fig. 4, where the graph F C has the property that, for any 
t e A^(fc), R{t,T,) is constant in any open disk in A \ F containing x. Such a F is said to 
control the system S. In a subsequent paper [4] we will show that every connection on a 
curve is controlled by a finite graph in a much stronger sense. 

A particular case of our main result states that for any relatively compact analytic 
domain X in A-'^ the function x i— s- R{x) is continuous on the whole space X. Our result 
in fact establishes the property of continuity for more general analytic curves. (Recall that 
in comparison with the complex analytic case a smooth fc-analytic space is not necessarily 
locally isomorphic to an afEne space.) To formulate the result, we first define a so-called 
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Figure 4: The controlling graph F of E 

"normalized" radius of convergence 'R{x), which is related to the function R{x) via a simple 
formula but does not depend on the embedding of the analytic domain X into A^. After 
that we explain how the function 7l{x) can be defined in a more general setting on one- 
dimensional smooth^ afHnoids, which are not necessarily analytic subdomains of A^, and 
even in arbitrary dimensions. 

Let X be an afHnoid domain in A^., and assume at first that X is strict and that k is 
non-trivially valued and algebraically closed. Recall that the set of all points of X which 
have no open neighborhood isomorphic to an open disk, is a closed subset of X, called the 
analytic skeleton of X and denoted by S{X) [5, §4]. The complement X\S{X) is a disjoint 
union of open sets 'Dy{X), where y G VylX) is a fc-rational point, isomorphic to the standard 
open unit disk 

Dk{0,l-) = {xeAl\\T{x)\<l}, 

via a normalized coordinate Ty : 'Dy{X) £>fc(0, 1~) such that Ty{y) = 0. Furthermore, 

each of the above open disks has a unique boundary point at S{X), and so there is a 
canonical continuous retraction map tx '■ X ^ S{X). The topological space S{X) carries 
a canonical structure of a finite polygon S(X) = {S{X),V{X),£{X)) whose set of vertices 
V{X) consists of the points which have no neighborhood isomorphic to an open annulus: 
they are all of type (2) in the sense of [5, 1.4.4]. The set of open edges £{X) of S(X) is 
formed by the connected components of S{X) \ V{X)-, an open edge E = E{u,v) connects 
precisely two vertices u, v and E\J {u,v} is a closed subset of X , canonically homcomorphic 
to the closed interval [r, 1] for a well defined r G n (0, 1), with u ^ 1, v ^ r. All points 
of the Shilov boundary T{X) of X arc among the vertices of S(X). For x € S{X), the set 
T^^{x) \ {.r} is a disjoint union of maximal open disks 'Dy{X) with boundary point x in X, 
all of the same radius r{x) with respect to the standard coordinate in A^. Then, r{x) is 
the radius of the point a; S A^ defined on p. 78 of [5] and the function r : S{X) M>o 
is continuous. Notice that if r{x) ^ \k\, t^"'^(.t) \ {x} = 0. If k' is an algebraically closed 

non-archimedean field over k, then S(X(g)A;') > under the natural projection. In 

the general case (with k possibly trivially valued), we define S{X) as the image in X of 
S{X^k'), for any non-trivially valued algebraically closed non-archimedean extension field 

^in the sense of rigid geometry, i.e. rig-smooth cf. definition 0.1.2 below 
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k' /k such that X®k' is strict, and similarly for open edges and vertices. We have a canonical 
continuous retraction tx X ^ S{X) induced by the similar retraction on X®k' . We call 
the triple S(X) = {S{X),V{X),£{X)), a generalized subpolygon oi X. 

Suppose we are given a system of differential equations on the affinoid domain X c 
with analytic coefficients, i.e. a free O^-Module of finite rank J" with a connection V. If 
k is algebraically closed, X is strict, and x G X{k) is a fc-rational point of X, we define 
the normalized radius of convergence TZ{x) = TZx{x,{F,S/)) as the radius of convergence 
of around x in the corresponding maximal open disk neighborhood ^^{X) = D{0, 1^). 
If k, X and x are arbitrary, wc consider an algebraically closed non-archimedean field k' 
over k such that X®}.k' is strict and so large that (x) admits an isometric fc-embedding 
if in k' . Then, there is a canonical point x' € X^kk' and we set Tl{x) = TZ{x'), a quantity 
independent of the choice of k' and of (p. The function TZ : X ^ M>o does not depend 
on the embedding of X in A^, cither, and one has R{x) = TZ{x) ■ r{Tx{x)) for all x € X. 
The function r{Tx{x)) = 6f[{x,X) was called the diameter of X at x (with respect to 

the embedding X M- M- = (P^),,) in [2]; its continuity (at least under the present 

assumptions) was proven in loc.cit. [3.3]. By definition, the function TZ{x) is preserved by 
extensions of the ground field, and so it suffices to study its behavior in the case when X is 
strictly fc-affinoid. 

We now notice that, independently of the characteristic, if k is algebraically closed and 
non-trivially valued, a strictly fc-afhnoid, as well as a projective, rig-smooth curve X is the 
generic fiber Xj^ of a strictly semistable^ formal scheme X over k°. We say that 3£ is a strictly 
semistable model of X. 

We will assume, for simplicity, that k is non-trivially valued and algebraically closed. To 
any semistable formal scheme 3C of relative dimension one over k°, one associates (c/. [5, 
Chap. IV], modulo the equivalence between such formal schemes and formal coverings of 
smooth compact curves with semistable reduction), a triple of the previous type S(3£) = 
{S{X), V{X),£{X)) supported on a closed subset S{X) C X := Xr,, called the skeleton of X. 
Unless X is strictly semistable (1.1.4), the subpolygon S{X) may have loops, i.e. open edges 
with a single boundary vertex in X. 

For X and 2) semistable models of X, we set 3C < 2) if there exists a morphism 52) — )• X 
inducing the identity on the generic fiber (identified with X for both). Then, if X < 2)' 
S(X) is a "subpolygon" of S(2)), in the sense that S{X) C 5'(Sg), V(X) C V(Sg), and an open 
edge of S(X) is a union of vertices and open edges of S(2))- There is a natural continuous 
retraction tx,2) : 'S'(2}) S{X). Now, any strictly /c-afBnoid curve X, as much as any 
projective smooth curve which is neither rational nor a Tate curve, admits a minimum 
semistable model Xq and the skeleton S{X) of X coincides with the skeleton S(Xo) of the 
formal scheme Xq^. Moreover, as a topological space, X = ^im (S'(2)), T3,ig) where 2) and 

2)>3 

3 run over a cofinal system of semistable models of X, is a quasi-polyhedron (c/. [5, IV.l]) 

and, if the minimum semistable model Xq of X exists, the retraction tx : X — >■ <S'(X) is the 
natural projection to <S'(Xo) = <S'(X). 

A semistable formal scheme X over k° is an example of a nondegenerate polystable formal 
scheme over k° (see [8]). In the case of dimension one over k°, the class of such formal 
schemes coincides with the class of semistable formal schemes. Recall [8, 5.2] that every 
nondegenerate polystable formal scheme X has a skeleton S{X) C Xn and a retraction map 
Tx ■ Xn ^ S{X) which are preserved under any ground field extension functor. Furthermore, 

^When k° is not noethcrian, this definition is not completely standard cf. (1.1.4) below. 

^For arational curve X, S(X) is empty, while for any minimal semistable model 3£ of X, S{X) = {ri, {rj}, 0), 

for a point r] E X with (??) purely transcendental of degree one over k. For a Tate curve X, a choice of ?7 e 

S{X) with J^{rf) of transcendence degree one over k, determines a homeomorphism S{X) i- (IK>o, ■)/r^ fs 

?7 M- 1, up to orientation, for r e\k\n (0, 1). In this case, S(X) = {S{X), 0, The choice of a 

minimal semistable model X of X corresponds to the choice of ?? 6 S{X) : S{X) = {S{X), {77}, {iS'(X)\{77}}). 
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if a; is a fc-rational point of X^, then there is a well-defined maximum open neighborhood 
Dx{x, 1~) of X in X^\5'(X), which is isomorphic to the standard open unit polydisk Dk{0, 1^) 
(with X 1— > 0), so that the open or closed polydisks Dx{-i'- r^), r < 1 with center at any 
fc-rational point of X^ arc wcll-dcfincd (wc arc talking about polydisks with equal radii). 

Let k be any non-archimedean field. All k-analytic spaces considered in this paper are 
supposed to be separated. We generalize a definition of [10, 1.1], as follows. 

Definition 0.1.2. A k-analytic space X is said to be rig-smooth (resp. of pure dimension 

n) if, for any non-archimedean field k' over k, and, any connected strictly afftnoid domain 
V C X^k' , ily is a locally free Oy -Module (resp. of rank n). 

Assume now k is of characteristic zero, let X be a rig-smooth fc-analytic space, and let Xq 
be the associated G-analytic space. We denote by MIC(X/fc) the category of pairs consisting 
of a locally free "Module F of finite type and of an integrable fc- linear connection V on 
J^, with the usual (horizontal) morphisms. Notice that, unlike in the classical case, for an 
object {F, V) of M.lC{X/k), the abehan sheaf 

for the G-topology of X is not in general locally constant. 

Definition 0.1.3. Let k he a non-archimedean field of characteristic zero, and X he a rig- 
smooth k-analytic space. We say that an object of'MIC{X/k) is a Robba connec- 
tion on X if for any algebraically closed complete extension k' of k, and any open polydisk 

D' C X' ~ X®k' , if we denote by {£' , V') the k' -linear extension of {£, V) on X' , the 

sheaf {£'^')\D' = (f p,)^'°' is constant. We denote hy MIC^°''''°(X/fc) the full abelian 
subcategory ofM.lC{X/k), consisting of Robba connections. 

Example 0.1.4. Let C be the complex field, equipped with the trivial valuation. On the 
C-analytic space Aj., we consider a system of linear differential equations S of the form 
(0.1.0.1), with G a matrix of rational functions in C(T). To analyze the singularity of S at 
T = 0, we consider the open analytic domain 

X = {x e I < |r(x)| < 1 } C A^ . 

Notice that X = S{X) = (0, 1) via p i->- to^p. The field J^{to,p) is the non-archimedean 
field over C, ICp = C((T)), equipped with the absolute value || such that ||0||p = and 
II J2n 'in^'Nlp — P"^' if = 0, for n < m and am 7^ 0. Let X' := X^tCp, and let t'o p be the 
canonical /Cp-rational point in X' above to^p. Then, writing t = T{to,p), the maximal open 

T ~t 

disk containing t'^ ^ in X' is Djc^it'^ p,p~), with normalized coordinate — ^ — , and the fact 

that S is a Robba connection is equivalent to the property that the singularity at T = is 
regular. In fact, by the formal Turrittin theory [1], it is enough to check this statement for 
the rank one differential equations 

dy a 
dT 

and 

g = ^y,aeC^iV = 2,3,.... 
In the former case the solution at t'^ p is y = ^ f . j ( — - — )\ converging for | — - — | < 1. 

i ^ ^ 

In the latter case a simple calculation shows that the solution at t'g p is a power series 
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ai{t){ — - — )' G ICp[[ — - — ]], having the same radius of convergence as the series exp{t ^ — - — ), 
T — t 

that is converging for | — - — | < \t\^ . We recall from loc.cit. that N is the Poincare-Katz 
rank of irregularity of the corresponding differential equation at T = 0. 

Notice that if {J^, V) is any connection, the natural map 
(0.1.4.1) 0fe Ox ^ 7- , 

is an isomorphism. So, if D is a connected analytic domain in X and J-^ is constant over 
D, then (J^, V)m is isomorphic to the trivial connection {OD,dD/k)'^j for /x = rk.F|£). In 
particular, if J'^ is locally constant, then it is locally isomorphic to the locally constant 
sheaf /c""^-^. 

Assume now that the fc-analytic space X is isomorphic to the generic fiber X,, of a 
nondegenerate polystable formal scheme j£ over k° . For any object (J-^, V) of MIC(X/fc), 
and for a fc-rational point x G X,,, we may define the (X-normalized) radius of convergence 
n{x) = 7ixix,{J^,V)) (3.1.4.5). For x G X{k), it is the supremum of r G (0,1] such 
that the restriction of to Dx{x,r~) is constant. Notice that the restriction of to 
Dx{x, TZ{x)^) is then locally constant for the usual topology^, and is therefore constant, since 
an open disk is simply connected for the usual topology. If x is arbitrary, we set TZ{x) = 
TZ{x'), where x' is the canonical J^(x)-rational point in X^(8)^(a;) = (X(8)feo^(x)°)^ over 
X. Let 93 : 2) ^> X be an etale morphism of nondegenerate polystable formal schemes over 
k° , and let (p^ : F — > X be the generic fiber of (p. For any object (^, V) of MIC(X/A;), 
iy9*(^, V) is an object of MIC(F//c) and for any point y G y we have 

(0.1.4.2) ■R<g{y,ip;{J^,W)) =TlxM),{J',V)) . 

Under the same assumptions, if k'/k is any extension of non-archimedean fields, the k'°- 
formal scheme X' := X®k'° is nondegenerate polystable, and, tf) : X' ^ X \s the natural 

projection 

(0.1.4.3) 7e3e^(x,V;(^,V)) =7^3e(V'>,(a;),(-F,V)) . 

Conjecture 0.1.5. Let X = X,, be the generic fiber X,, of a nondegenerate polystable 
formal scheme X over k° and {J-", V) be an object of MIC(X/fc). The function X — >■ M>o , 
X !->• TZxix, {J-, V)) is continuous. 

Notice that, by formula 0.1.4.2, the conjecture holds if it holds under the restrictive 
condition that X is strictly polystable over k° (base change to a finite extension field k'/k 
is irrelevant). Let MIC3e(X/fc) be the full subcategory of MIC(X/A;) consisting of the 
objects (J", V), such that T is the Ox-Module associated to some locally free O^-Module 
of finite type 5) called a formal model of over X. In case !F admits a formal model 5; the 
calculation of 'R{x) may be performed as follows. We pick an open affine neighborhood 2) of 
the specialization of x in X such that ^ is free on 2). Then x G 2)r,, Dx{x, 1~) = D<q (x, 1~), 
and TZx (2;, {J', V)) = T^sg (x, (T, V) ) is the maximum common radius of convergence of all 
sections of J-"^ in Dsx){x. 1^) around x, when expressed in terms of a basis of global sections 
of 5^ on SI). In dimension one, this amounts to solving a system of differential equations as 
in (0.1.0.1), over an affinoid domain in a smooth projective curve. 

Conjecture 0.1.6. Let X = 3Crj be the generic fiber X,, of a nondegenerate polystable 

formal scheme X over k° and ( J^, V) be an object o/MICx(X/fc). Then ( J^, V) is a Robba 
connection on X if and only if the function x n> TZx{x, {J-', V)) is identically 1 on X . 

^This means for the topology of a Berkovich analytic space. 
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And here is our main result. 

Theorem 0.1.7. Let k be a non-archimedean field extension o/Qp and X be a rig-smooth 
compact strictly k-analytic curve. Conjectures 0.1.5 and 0.1.6 hold for objects o}^lCx{X/k), 
where X is any semistable model of X. 

Surprisingly enough, before our joint paper with Di Vizio [2], conjecture 0.1.5 seemed 
to be open even in the case when X = Spffc°{r}, hence X,, = X is the closed unit disk 
Dk{0, 1"'"), a case extensively discussed in the literature (c/. [29], [23] and [20] for reference, 
and [32, 10.4.3] for a partial result in our direction). A direct proof, in the case of an 
affinoid domain X of A^, was given in [2, 5.3]. Notice that, always by (0.1.4.2), it suffices 
to prove theorem 0.1.7 in the special case when X is either a "formal disk" or a "formal 
annulus", i.e. is afRne connected and admits a dominant etale morphism <p to Spf k°{X} or 
to Spf k°{X, Y}/{XY — a), for a G k°° \ {0}, respectively. The previously mentioned result 
of [2], implies the theorem when ip is an open immersion. In the general case however, we 
must appeal to the more powerful statement in section 2 below. 

Our detailed description of the function x TZxix, {J^, V)) will in fact show the following 

Theorem 0.1.8. Let k, X and X be as in theorem, 0.1.7, and let (J^, V) be an object 
of M-lCxiX/k). If TZx{^,{J^,^)) = 1 at any vertex ^ of the skeleton S(X) of X, then 
X H-)- TZxix, V)) is identically 1 on X. Moreover, (J", V) is a Robba connection on X. 

Definition 0.1.9. Let k, X be as in 0.1.7 and let X be a semistable formal m,odel of X . An 
object (.F, V) o/MIC(X/fc) is said to be X-convergent if it is an object ofMlCx{X/k) and 
Uxix, (J", V)) = 1 identically on X. We denote by MIC^'"""^ {X / k) the full subcategory 
o/MIC(X/fc) consisting of X-convergent objects. 

Let 1^ : 2) — > X be an etale morphism of semistable A;°-formal schemes and let cpj^ : Y ^ X 
be its generic fiber. It follows from formula 0.1.4.2 that an object {J^, V) of M.lCx{X/k) is 
X-convergent if and only if the object ip^{J^, V) of 'M.lCsg{Y/k) is 2)-convergent. 

Corollary 0.1.10. The category MIC^°''''°(X/fc) is the 2-colimit category of its full sub- 
categories MIC*-'=°"''(X/fc), where X runs over the semistable models of X. 

Notice that, despite the previous result, the introduction of formal models is necessary 

for several reasons: 

1. The analytic definition of V^i^X) given above for x a A:-rational point of the smooth 
afBnoid X, as the maximum open neighborhood of a; in X isomorphic to the polydisk 
£'(0, 1~), does not work in higher dimensions, where such a maximum neighborhood 
need not exist. 

2. Even in the case of an affinoid X C A^, and x G X(fc), the above analytic definition 
of T>x{X), does not globalize well. If X = Xi U X2 is a union of two afEnoids, and x 
is a /c-rational point of Xi, one can only say that Vx{Xi) and VciX^) are contained 
in VxiX). The assignment of a semistable model X of X, remedies to this problem, 
i.e. Dxi{x,l^) = Dx{x,\^), provided the decomposition X = Xi U X2 originates 
from a Zariski open covering X = Xi U X2 of formal schemes. Notice that if X is the 
analytic projective line, there is no maximum disk containing a given point. 

3. According to conjecture 0.1.6, it seems likely that consideration of a formal model X of 
X should be of lesser importance in the study of the directional logarithmic derivative 
of TZ{x) along any tangential vector to X. In other words, a generalized theory of 
slopes in the style of [18] should only depend upon the connection on the analytic 
curve X. 
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We finally propose, for future use, a more general definition, where we consider various 
possible topologies on categories of analytic spaces over X. We have in mind, in particular, 
the natural (Bcrkovich) topology on X, the G-topology on X described in [6, 1.3], the etale 
topology of [6, 4.1], the quasi-etale topology of [7, §3]. 

Definition 0.1.11. Let k and X be as in definition 0.1.3 and let t he a topology on X . An 
object {J-,V) ofM.IC{X/k) will be said to be r-convergent if, T-locally, (J^, V) is a Robba 
connection. We will denote by MIC^~^°"''(X/fc) the full subcategory o/MIC(X/fc) consist- 
ing of T -convergent objects. For t the natural (resp. the G-, resp. the etale, resp. the quasi- 
etale) topo%y, MIC^'""°™(X/fc) will be denoted by MIC"'"''' {X / k) (resp. MIC'^-'=°™(X/A;), 
resp. MIC"*-"°"''(X/fc), resp. MIC«"*-"°™(X/fc);. 

0.2 Basic definitions and description of contents 

The organization of the paper is as follows. In section 1 we review the structure of a 
rig-smooth compact connected strictly fc-analytic curve X over a non-archimedean field k 
with non-trivial valuation and the parallel theory of semistable reduction of fc-algebraic 
curves. For simplicity, we assume that k is algebraically closed. Most, but not all, of 
these results may be extracted from [5, Chap. IV] or [13]. We describe systematically the 
equivalence between the notions of semistable model of X, of formal affinoid covering of X 
with semistable reduction, of semistable partition of X (1.5), and of complete subpolygon of 
X (1.6). A well-known consequence of these equivalences is that all results on semistable 
reduction of curves admit in principle both an algebraic and an analytic proof. 

The algebraic theory of semistable models of families of algebraic curves [22] has re- 
cently made important progress thanks to Temkin [33], who has eliminated in particular 
the properness assumption, and has clarified minimality of the stable model. It should be 
possible to apply Temkin's method to completely describe the reticular structure of the 
category J^S{X) of semistable models of X, and in particular to showing that, unless X is 
either rational or a Tate curve, a minimum semistable model 3£o of X exists, and its skeleton 
coincides with the analytically defined skeleton of X. We have not seriously attempted to 
follow this algebraic strategy. Instead, we approach the problem via an analytic discussion 
of intersections and unions of disks and annuli in the style of [13, Prop. 5.4]: we content 
ourselves with a precise account of the proofs. Details, which would lead us astray of the 
main path, have been collected in [3]. 

Over an algebraically closed field k, the notions of open or closed disk or annulus, present 
no difficulty"''. Open or closed disks or annuli in are called k-rational, if their center in 
a /e-rational point and their radii belong to Similarly, for open or closed disks or annuli 
in general. A punctured disk is a disk punctured at a rigid point, and it is k-rational, if the 
full disk is so. 

Open annuli, viewed as simply connected quasi-polyhedra, have two endpoints. An open 
segment (resp. open half-line) in X is the skeleton of an open annulus (resp. of an open 
punctured disk) in X: the annulus (resp. the punctured disk) is then uniquely defined. An 
open segment may have one or two boundary points called ends in the compact curve X; 
they are points of type (2) or (3). The segment is k-rational iff the corresponding annulus 
is, i.e. if and only if its ends are points of type (2). In general, an open segment £" is a 
locally closed subset of X and it admits a continuous (1 ; 1) parametrization p i— >■ ry^ by 
an open interval (r, 1) C (0,1) (resp. [r, 1) C (0,1)), with r the height of the annulus, 
which is canonical up to the inversion p M> r/ p. Similarly, an open half-line is canonically 
parametrized by (0, 1), where rip tends to a rigid point as p — >■ 0. A half- line is k-rational iff 
the corresponding punctured disk is. 

®This is one of the main reasons why we make such assumption on k. 
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We define the category QV{X) (resp. QV{X)) of (resp. complete) subpolygons T = 
(|r|, Vr,fr) of X. Here |r| is a closed connected subset of X, Vr is a finite subset of points 
of type (2) of X ("vertices" of F) and £r is a finite set of open fc-rational segments of X 
("open edges" of F), such that |r| is the disjoint union of all vertices and open edges of F. 

A subpolygon F of X is "complete" if X \ |r| is a union of open disks. The category 
gV'iX) is really a directed partially ordered set, where F < F' if |r| C |F'|, Vr C Vp', so 
that an open edge of F is a union of open edges and vertices of F'. We prove (more details 
in [3]) that QV^iX) is isomorphic to the category J^S{X) of semistable formal models of 
X and morphisms inducing the identity on the generic fiber (they turn out to be precisely 
the "admissible blow-ups" of [15], [11]). The isomorphism S : TS{X) gP%X) is the 
skeleton functor. Unless X is a rational projective curve or a Tate curve, the category 
TS{X) admits a minimum Xq- The skeleton S(j£o) = (5'(Xo), V(Xo), f (Xo)) is the skeleton 
S{X) = {S{X), V{X), £{X)) of the analytic curve X, in the sense of the previous subsection. 

We define below c/. (1-4.1) a "basic formal disk" (resp. a "basic formal annulus") (S,T) 
(resp. or (05, S = a/T), for a e k°°\{0}). We write (B, T) for the corresponding affinoid disk 
(resp. annulus). The coordinate T in *B defines, for any z € B{k), a normalized coordinate 
T, : D^{z, 1-) ^ Z?fc(0, 1-), with ^ ^ 0, by 



Vy € Drs{z, 1 ). Notice that the basic formal annulus S is the minimum semistable model 
of B, so that S(«B) = S(B), D^iz,!-) = L>b(z,1-), tb = r<B and \T{x)\ = |r(rB(.'i;))| = 
'''{TiTBix))), for any x e B. 

The main point for us is the fact that any semistable model X of the curve X admits an 
etale covering by formal disks or annuli. This allows us to recover and globalize most results 
of the classical non-archimedean theory of linear differential systems [23] . 

In section 2 we prove a general criterion due to Berkovich (private communication) to test 
whether a function X — > M>o, on a smooth fc-afEnoid curve X is continuous: it represents 
an abstract and more efficient version of the method of proof used in [2, 5.3]. In section 
3, we start assuming that k has characteristic zero. We pick a semistable model X of X 
and introduce the function "normalized radius of convergence at x" TZx{x, V)), for an 
object (J^, V) of MIC(X/fc). Actually, in view of the most common applications, we also 
consider the following more general situation: X is the complement of a finite reduced 
divisor Z = {zi,...,Zr} in a compact rig-smooth connected fc-analytic curve X. So, if 
X = M{s^), Zi,...,Zr correspond to r distinct maximal ideals of the fc-affinoid algebra 
■g/. We assume that X is the generic fiber of a semistable A;°-formal scheme X. It is well 
known that Z determines a finite fiat generically etale closed reduced subscheme 3 of X. 
We will assume that 3 is ctalc over k°. For the limited purposes of this paper, however, 
consideration of 3 will not be necessary, and the previous assumption will be concealed 
under the requirement that the disks D-^{zi, 1^), . . . , D-^{zr, 1^) are distinct and that their 
boundary points t^{zi), . . . ,T^{zr) are vertices of S{X). We keep the notational distinction 
mainly for future use. 

For any object (J", V) of MlC{X/k), we define the function x TZ-^-^{x, {F, V)), X -)■ 
(0,1]. We restrict our attention to the abelian tannakian subcategory 'MlC{X{*Z)/k) of 
MIC(X/fc), consisting of the objects ( J^, V) having meromorphic singularities at Z. This 
means that J- is the restriction to X of a coherent and locally free Oy-Module J- and for 
any open U C X and any section e £ T{U,J^), there is a non-zero / e O-^iJJ), such that 
/V(e) G F(C/, F^Vi^. Morphisms are horizontal Ox-linear maps, with meromorphic poles 

at {zi,...,Zr}. _ 

We are mostly concerned with the full abelian tannakian subcategory 'MlC-^{X{*Z)/k) 



of miC{X{*Z)/k). It consists of objects (J^,V) of miC{X(*Z)/k) such that the Ox- 



(0.2.0.1) 




(T(y) - T{z))/T{z) , if (B, T) is an annulus 



if (B, T) is a disk , 
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Module T is the restriction to X of a coherent and locally free C^^Module The category 
MIC3g(X(*Z)/A;) admits natural internal tensor product and internal 'Kom and End. 

Let us assume, from now on in this section, that k is an extension of Qp. We say that 
an object {T, V) of MIC3g(X(*Z)/fc) satisfies condition NL at z & Z, if the formal Fuchs 
exponents of (the regular part of) £nd{{J^, V)) at z are p-adic non-Liouville numbers. An old 
result of the author [1, Prop. 4], which applies under condition NL, relates the asymptotic 
behavior of x h-> TZ-^t^{x, (J^, V)) for a; — >■ .2^ to the algebraic irregularity Pzii^^,^) of the 
connection at Zi, namely 

(0.2.0.2) n-^_^{x,{T,\7)) ^ \n^{x)\P'^'-^'^^ , as.T^Zj, 

where T^. is the normalized coordinate on D-^{zi, 1~) with Tz.{zi) = 0. Our main result is 
that, for any object (J", V) of M1C-^{X{*Z) /k), the function x n{x) = % ^(x, (7", V)) 
is continuous on X. Wc first reduce the problem of continuity of this function to the standard 
situation of a connection {F, V) with T free of finite rank ji over a basic afhnoid disk or 
annulus. 

For the convenience of the reader, wc recall in section 4 the classical theory of differential 
systems on an annulus, largely due to Dwork, Robba, Christol and Mebkhout. One should 
also refer to the elegant account [29], for more recent results. These authors treat the 
case of a system of ordinary differential equations (0.1.0.1) defined on the open annulus 
B{r\,r2) (0.1.0.2), with coefficients in the Banach fc-algebra ^(r\,r2) of analytic elements 
on B{r\,r2)'- J^{r\,r2) is the completion of the fc-subalgebra of k{T), consisting of rational 
functions with no pole in B{ri,r2), under the supnorm on B(ri,r2). 

Our main technical tool is explained in section 5.1: it is a generalization of the Dwork- 
Robba theorem [23, IV. 3.1] on effective bounds for the growth of local solutions (theorem 
(5.1.1) and its corollaries). Essentially, wc must replace in the original formulation analytic 
elements in the previous sense on the open annulus B{ri,r2) C A^, with functions which 
extend to analytic functions on a basic afhnoid annulus containing B(ri,r2) as an open 
analytic subspacc. The Dwork-Robba theorem is the essential step in our proof of the upper 
semicontinuity of the radius of convergence (c/. §5.2) and in generalizing the continuity result 
of Christol-Dwork [19, 2.5] to the present situation §5.3. Section 4 of the joint work with Di 
Vizio [2] contains a several variable generalization of this result. Wc point out that the upper 
semicontinuity is precisely the non-trivial part of [19, 2.5], and that our proof (as given here 
and in [2]) differs from the one of Christol-Dwork. We conclude the proof of continuity of 
X !->■ TZ{x) in section 6. As in the classical case, wc obtain a more precise description of 
X TZ{x). Namely, let ko be a closed subfield of k, and assume X = Xo(8iA:°, where Xo is a 
/cQ-semistable formal scheme. Assume the points zi, . . .,Zr come from fco-rational points of 
(Xo),, (identified with the Zi's) and the object (J^, V) of MICj^(X(*Z)/fc) from an object 
(J^Oi Vo) of MIC((Xo)t,(*.Z)/A:o) such that To is the inverse image on (Xo),, of a coherent 
and locally free O^g^-module 'So- Let 2)o > be any fco-semistable model of (Xo),,, and let 
E be any oriented open edge of S(2)o), with |fco|-rational ends in (Xq),,. Let (r^;, 1) E, 
p r]p, be the canonical parametrization, with rs S |A;o| fl (0, 1). Then the restriction to 
(fB, 1) of a; !->■ TZ{x), namely p h-> TZ{p) = TZ{rip), is the infimum of the constant 1 and a 
finite set of functions of the form 

(0.2.0.3) |p|i/(P-i)p''|;,|i/ip''p«/j , 

where j € {1,2, . . . , p. — l}, s G Z, h G ZU {oo}, b G ko ■ Arbitrarily high h can appear even 
in the simplest rank 1 case of the equation killing x" of. [23, IV.7.3 (iv)] and our account 
below (4.0.9). 

This statement in the classical situation appeared in [30]: we provide here a hopefully 
more convincing proo^. We point out the novelty of using Dwork's technique of descent 

^The treatment of [18] is unfortunately restricted to the solvable case, where negative slopes do not 
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by Frobenius on basic affinoid annuli which are not necessarily affinoid subdomains of A^, 
cf. §5.4. 

If {J-, V) has incroinorphic singularity at a G Z, and the previous p-adic non-Liouvilleness 
assumption holds at Zi, then a similar result holds on the half- line E connecting Zi with the 
point T^{zi) at the boundary of D-^{zi, 1^). In terms of the canonical parametrization via 
the function "radius of a point" p : E = E U {zi,T-^{zi)} [0;!]; the restriction of 

X lZ{x) to E is precisely of the form (0.2.0.3), with moreover max{s/j} = pzi{J^, V). A 
consequence is 

Theorem 0.2.1. Let he an object of'MlC-^{X{*Z)/k) satisfying condition NL at 

each z & Z. Then 1Z-^-^{x, {J^, V)) = 1 identically for x € X if and only if both 

1. "7^;^ 3(C) {^1 V)) = 1, for each vertex ^ of S(3£), 

2. (.F, V) has regular singularities along Z. 

Under the previous assumptions {J^,V) is a Robba connection on X. 

It follows from [5, 4.5.3] that 

Proposition 0.2.2. If f : X ^ Y is a non-constant holomorphic map of rig-smooth k- 
analytic curves, and {T, V) is a Robba connection on Y , then f*{J^, V) is a Robba connection 
on X. 
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1 The structure of rig-smooth compact strictly A;-analytic 
curves 

Notation 1.0.3. All over this section, the valuation of k is assumed to be non-trivial. In 
fact, except in subsection 1.1, which might be of independent interest, k will be assumed 
to be algebraically closed, in order to minimize technical difficulties. All fc-analytic spaces 
arc assumed to be separated. As in [21, §3], a fc-analytic curve is a fc-analytic space pure of 
dimension 1. All over this and the next section, X denotes a compact connected rig-smooth 
strictly A;-analytic curve. For any field L an L-algebraic curve is a separated i-scheme of 
finite type, of pure dimension 1. 

appear. 
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Any fc-analytic curve is a good analytic space, i.e. every point of it has an affinoid 
neighborhood, and is paracompact [21, §3]. An irreducible compact A;-analytic curve is 
either the analytification of a projective; curve or it is affinoid [26], [21, Prop. 3.2]. So, in 
our case, X is either the analytification X^'^ of a smooth projective fc-algebraic curve X or 
it is strictly fc-affinoid; its underlying topological space is a quasipolyhedron [5, 4.1.1]. 

1.1 Semistability 

Classically, one gives the following definition. 

Notation 1.1.1. Let L be a non-archimedean field over k. An L°-scheme (resp. L°-formal 
scheme) is admissible if it is reduced, quasi-compact, separated, of (resp. topologically) 
finite presentation, and flat over L°. The algebra of an afiine admissible i°-scheme (resp. 
i°-formal scheme) is also said to be admissible. 

In the present article, all fc°-schemes and A;°-formal schemes will be assumed to be ad- 
missible. 

For an admissible fc°-scheme we define the completion along the closed fiber or simply 
completion of 2f as the admissible fc°-formal scheme 

(1.1.1.1) ^= ^s-, := lim iT eg) K°/{Tr") 

n 

where tt G k°° \ {0}. The definition is clearly independent of the choice of tt and is functorial. 

Definition 1.1.2. For an admissible k°-formal scheme 2), we denote by sp : 2}r; — > 2)s the 
set-theoretic specialization map and by spy, : (2),,)g — >■ ?) the specialization map viewed as 

a morphism of ringed G -topological spaces. 

Definition 1.1.3. A morphism : X — > 52} of k° -formal schemes, is proper if for any 

IT G k°° \ {0} the morphism of k° / (tt) -schemes ipo : X k° /(tt) — !> 2} ® k° /(t:) is proper. 

This definition agrees with [24, III.l, 3.4.1] when k° is noetherian and X, 2) are admissible. 
We recall [7, §2] that a morphism : 3£ — > 2) of admissible A;°-formal schemes, is said to be 

etale if ipo is etale, for any choice of tt. 

Wc further abuse the classical terminology as follows. 

Definition 1.1.4. An admissible formal scheme X over k° is strictly semistable if, locally 

for the Zariski topology, it is of the form 

(1.1.4.1) X Spf k°{S, T}/{ST - a) -s- Spf k° 

with a € k°° \ {0}, where (f) is etale. Similarly, a reduced separated k-scheme of finite type 
y is strictly semistable if, locally for the Zariski topology, it is of the form 

(1.1.4.2) y Spec fc[a;, y]/{xy) Spec fc , 
with (j> etale. _ 

The k° -formal scheme X (resp. the k-schem,e y) is semistable if there is a surjective etale 
morphism X' — >■ X (resp. y' y) with X! (resp. y' ) strictly semistable. 

The generic fiber of a semistable fc°-formal scheme is rig-smooth. It follows from [8, 
Prop. 1.4 and step (1) in its proof] that a semistable A;°-formal scheme is normal. 

The notion of (resp. strict) semistability we use is the one-dimensional case of (resp. 
strict) nondegenerate polystability [8]. The following result is proven in [3]. 
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Theorem 1.1.5. A normal admissible formal scheme X over k° is (resp. strictly) semistable 
if and only if its closed fiber Xs is a, (resp. strictly) semistable scheme over k. 

Definition 1.1.6. A normal admissible k°-scheme ^ is said to be (resp. strictly^ semistable 
if its special fiber is (resp. strictly) semistable. 

It follows from theorem 1.1.5 that a normal admissible fc°-scheme ^ is (resp. strictly) 
semistable if and only if its completion is a (resp. strictly) semistable A;°-formal scheme. 

1.2 Semistable models 

We assume from now on in this section that k is algebraically closed. The following strong 
form of the semistable reduction theorem for curves over k (in fact over a general basis) has 
recently been made available by Temkin [33]. 

Definition 1.2.1. [33] Let , (resp. X. 2}^ 6e admissible k°-schem,es (resp. k° -formal 
schemes) of pure relative dimension 1, with smooth (resp. rig-smooth) generic fibers. A 
proper dominant morphism '.p : X ^ W (resp. : X ^ 2)^ is caZ/ed an //-modification 
of 2) (resp. of S)/* '/ the generic fiber (fij^ : "3^^ (resp. (pr, : Xr, ^ ^n) is an isomorphism 

of k-algebraic curves (resp. of k- analytic curves). 

Tiieorem 1.2.2. (Strong Semistable Reduction Theorem) Let ^ be an admissible k° -scheme 
of pure relative dimension one over k°. Let us assume that the generic fiber y := '3/'r^ of '¥ is 
a smooth k-algebraic curve. Then, there is a semistable (and even a strictly semistable) k°- 
scheme '3^' and an rj- modification if' : — >■ '3^ of '3^ . Moreover, the pair ,(p'), with 
W semistable, may be chosen to be minimal in the following sense. If W is a semistable 
k° -scheme and ip" : '3^ is an rj -modification ofW, then there is a unique k° -morphism 

X ■ '3^" — >■ '3^', such that ip" = (p'ox- For any such minimal choice of {iV, ip'), the morphism 
ip' is projective and is an isomorphism over the maximal semistable (open) subscheme ofS^. 

Definition 1.2.3. The minimal pair {'3^',ip') appearing in theorem 1.2.2 is unique up to 
unique isomorphism inducing the identity on'W . It will be called the minimum semistable 
//-modification of ^ and will be denoted by (^t , Vst )• 

The previous theorem has a formal counterpart as follows. 

Theorem 1.2.4. Let 2) be an admissible k° -formal scheme of pure relative dimension 1. 
Assume the generic fiber fl)^ is rig-smooth. Then, there is a semistable (and even a strictly 
semistable) k°-formal scheme 2)' and an rj -modification (j)' : ^ 2). Moreover, the 
k° -semistable formal scheme 2)' may be chosen to be minimal in the following sense. IfiQ" 
is a k° -semistable formal scheme and a morphism ip" : SJ)" — >■ 2) is an rj -modification of^, 
then there is a unique k°-morphism x ■ ?)" ^ ?)'; such that (p" = (p' o x- For any such 
minimal choice of {^^',(p'), the morphism ip' is projective and is an isomorphism over the 
maximal semistable (open) formal subscheme oftX). 

Proof. By uniqueness, it is enough to prove the statement for 2) = Spf A afhnc. Under 
this assumption, by Elkik's theorem [25, Thm. 7 and Rmk. 2 on p. 587], one can find a 
finitely generated fc°-algebra B such that B A and that B k is smooth over k. We 
now apply theorem 1.2.2 to the admissible affine A:°-schcmc = Speci?. We consider the 
minimal semistable ry-modification (p' : '3^' '3/ . Then (a)-adic completion : 2)' ~^ ?) 
of <^', for any a G k°° \ {0}, satisfies the requirements of the theorem. It is in fact clearly 
semistable, projective and is an isomorphism over the maximal semistable (open) subscheme 
of 2)- It is also minimal, because if : 2)" ~^ ?) has the properties of the statement, we may 
again assume that 2)" is affine. We apply again Elkik's result, to show that cj)" is the formal 
(a)-adic completion of a morphism (p" : 'W" & oi admissible A;°-schemes. On replacing 
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'W" by an open neighborhood of its special fiber, we may assume that is scmistable, as 
in theorem 1.2.2. So, there is a unique A;°-morphism x '■ ^" ~^ such that (p" — (p' o x- 
Then the (a)-adic completion of x satisfies the requirements in our statement. □ 

The following result is precisely what we need to start our arguments. 

Proposition 1.2.5. (Berkovich) Let V = ^(s^) be a rig-smooth strictly k-affinoid curve. 
There exists a projective strictly scmistable k° -scheme '3^ and an embedding of V in the 
generic fiber SJ)^ of the formal completion ^ of '3^ along its closed fiber, which identifies V 
to the affinoid sp~^{Z) for an affine open subset Z of^s- In particular, V is the generic 
fiber of the strictly scmistable k° -formal scheme ^/z, formal completion of ^ along Z. 

Proof. (Steps 1 and 2 hold for a higher dimensional affinoid V). 

Step 1. V is isomorphic to a strictly affinoid dom,ain in the analytification "Z^'™ of an 
affine scheme over k. By the theory of Raynaud [11, §2.8], the closed A'°-subalgcbra £/° 
of £/ consisting of elements of spectral norm < 1. contains an admissible fc°-subalgebra A, 
such that A k si . Applying Elkik's theorem [25, Thm. 7 and Rmk. 2 on p. 587], 
one can find a finitely generated fc°-algebra B such that B A and that B (gj^o k is 

smooth over k. Then the claim holds for y = Spec {B (gj^o k). 

Step 2. By [8, Lemma 9.4], there is an open embedding of f in where ?^ is an integral 
scheme proper finitely presented and fiat over k° , and an open subscheme Z (Z&s such that 
y = sp^^(.E), where sp : (^)'*'^ ^ underlies the specialization map sp^ : (^)r, — >■ ^ of 
the formal completion W oi'W along and {^)n is identified with {'S^nY^i by properness. 
It follows that V coincides with the generic fiber of the admissible fc°-formal scheme "S^/zi 
formal completion of '3^ along Z. 

Step 3. Assume now that y is one- dimensional. Then both 1^ and ^ are one-dimensional. 
By the scmistable reduction theorem for curves 1.2.2, there is a projective strictly scmistable 
77-modification '3^' — > 3^ . In particular, W is proper, strictly scmistable, and has projective 
smooth generic fiber y. The existence of a very ample line bundle on '3^' relative to k° 
may be proven as in [13, §7]. If Z' is the preimage of Z in then the lemma holds for 
QJ' = iz'^ formal completion of along Z' . □ 

We deduce as above from theorem 1.2.4 the notion of the minimum scmistable r]- 
modification of 2), which is a pair (2)st jfst ), consisting of a scmistable A;°-formal scheme 
2)st , and of a morphism (pst ■ 2)st it is again unique up to unique isomorphism 

inducing the identity on 2). 

Definition 1.2.6. Let the k-analytic curve X and, in case, the projective curve X such 
that X = A"™, be as before. Let TA{X) be the category whose objects are pairs {^,4>), 
where 2) is an admissible normal formal scheme and (f) is an isomorphism (j) : X 2),, 
of k-analytic curves. We call the pair (2),'/'), and abusively also the formal scheme 52}, an 
admissible formal model ofX. A morphism / : (2),0) (3,V') o- morphism of k° -formal 
schemes / : 2) — >■ 3 such that fr, o(f) = ip. We usually identify X with 2)^ via (f), and regard 
the specialisaMon map sp^ : (2))))g ^ ?), via the composition with the morphism locally 
ringed G-topological spaces 4>g induced by (j), as a morphism spsg : Xq 2). The category 
TA{X) is the category of admissible formal models^ of X. 

We similarly define the category SA{X) of admissible models of X, namely pairs (^^, (j>), 
where '3/' is an admissible normal k° -scheme and (j) is an isomorphism </> : X of k- 

algebraic curves. A morphism / : {^,<p) — >■ {^,'4') in SA{X) is a morphism of k° -schemes 

f -.W ^ ^ such that o = -(/>. 

We define TS{X) (resp. SS{X)) to be the full subcategory of J^A{X) (resp. of SA{X)) 
^We do not specify normal, as we should, in the rest of this paper. 



17 



consisting of pairs (2),(/>) (resp. {W.cj))) in which SJ) (resp. '¥) is semistable. Similarly for 
the subcategory J^S^^ {X) (resp. 55^* (<Y)J of strictly semistable models. 
We will denote by VSS{X) (resp. VSS^^ {X)) the full subcategory of SS{X) consisting of 
proper (resp. strictly) semistable k° -models of X. 

Definition 1.2.7. A Tate curve over k is a smooth projective k-algebraic curve of genus 1, 
which does not admit a smooth projective model over the ring of integers k° . By a rational 
curve we simply mean the k-projective line P^. The analytification of a rational (resp. of a 
Tate) curve is also called rational (resp. a Tate curve^. 

Remark 1.2.8. A Tate curve X over k is fc-analytically isomorphic to Gm,k/<f', where Gm,k 
is the fc-analytic multiplicative group, while q G k, < \q\ < 1. 

The following result completely describes the category of formal semistable models of a 
given fc-analytic curve. 

Theorem 1.2.9. (Semistable reduction of compact k-analytic curves) Let Y be a compact 
rig-smooth strictly k-analytic curve. The category J^S{Y) of semistable models of Y and 
morphisms of k° -formal schemes inducing the identity on the generic fiber, is a non-empty 
partially ordered set, inhere x ^ y 4^ x > y. For any objects x, y of TS(Y) , x\ly = sup{x, y\ 
exists. Every morphism y — >■ SI)' in J^S(Y) is an admissible blow-up of an open ideal 21 
of finite presentation ofO^rt', invertible outside of a finite set of points (in particular, it is 
proper). Unless Y is a rational or a Tate projective curve, for any object x of TS{Y) , there 
is a unique minimal object rux of J-S{Y), such that x > mx and, for any objects x,y of 
J^S{Y), X Ay = inf{a;, y} exists. In particular, J^S{Y) admits a minimum. 

The proof we propose is purely analytic. It will be sketched in the next subsections. 
It is based on an equivalence of categories between TS{Y) and a category PS{Y) whose 
objects are partitions of Y into a finite family of open annuli and of afhnoids with good 
canonical reduction. The statement of the theorem, translated for VS{Y), becomes an 
amusing discussion of intersections of disks and annuli in Y in the style of [13, Prop. 5.4]. 
For a complete proof, see [3]. 

We admit here the following relatively standard result discussed in [3] (c/. [24, III.l, Th. 
5.4.5], [13, Cor. 2.7], [14, Thm. 3.1].) 

Lemma 1.2.10. Let y be a smooth projective k-algebraic curve and let Y = be the 
associated compact k-analytic curve. The completion functor ^ ^ induces equivalences 
of categories 

(1.2.10.1) rss{y) ^ j^s{Y) , 

and 

(1.2.10.2) VSS'^ (y) ^ J^S'* (Y) . 

The following corollary of theorem 1.2.9 and lemma 1.2.10 gives a complete description 
of the category of proper semistable models of a given smooth projective curve. We are not 
aware of a direct algebraic proof in the style of Temkin's theorem 1.2.2. 

Theorem 1.2.11. (Semistable Reduction of Projective Curves) Lety be a smooth projective 
k-algebraic curve. A proper semistable model of y is necessarily projective. The category 
VSS(y) of projective semistable m,odels ofy, a,nd m,orphisms of k° -schemes inducing the 
identity on the generic fiber, is a non-empty partially ordered set, where x ^ y -i^ x > y. 
For any objects x,y of VSS{y), xV y = sup{a;, y} exists. Every morphism W — >■ W 
in VSS{y) is a blow-up of a closed finite a-torsion subscheme of O^', for some non-zero 
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a € k°° (in particular, it is projective). Unless Y is a rational or a Tate projective curve, for 
any object x of PSS{y), there is a unique minimal object ofVS{y), such that x > 
and, for any objects x,y ofVSS{y), xAy = inf{x, y} exists. In particular, 'PSS{y) admits 
a minimum. 

1.3 Formal coverings and formal models 

For the definition and basic properties of formal afJinoid coverings (always assumed to be 
strictly affinoid in this paper) wc refer to the first part of [5, §4.3]. Wc want to describe 
a functorial equivalence between (resp. strictly) semistable models and the (resp. strictly) 
semistable coverings of X described below. 

The set of formal coverings of X forms a category Cov{X) in which an arrow W — >■ V is 

a refinement of coverings, i.e. a map of sets $ : W — !> V such that U C ^{U), \/U G U. If 
$ : Z// — >■ V is a refinement of formal coverings of X, the inclusions U ^ ^{U) = V induce 
morphjsms of canonical reductions U ^ V which patch together to a morphism of fc-curves 
^$ : Xu — > Xy. We obtain a natural functor U i-)- Xu, $ i-^ ip<s,, from Cov{X) to the 
category Schj^ of fc-schemes. 

For any formal covering U of X there is a canonical specialization map spu : X 
Xk, obtained by patching together the canonical reduction maps for all affinoids in the 
covering (their compatibility being precisely the definition of a formal affinoid covering). 
Specialization maps also have a functorial behaviour: if $ : W — > V is a refinement, spy = 

Two formal coverings U and V of X are equivalent if Z// U V is a formal covering of X. 
Equivalence of formal coverings is an equivalence relation: we then write U ^ V, and denote 
by [W] the equivalence class of U. 

Definition 1.3.1. A refinement of equivalent coverings ^ : U ^ V is called a quasi- 
isomorphism. 

It is easy to check that the class of quasi-isomorphisms in Cov{X) admits calculus of 
right fractions. The corresponding localized category is denoted Cov{X)/ ~ and is called 
the category of formal affinoid coverings of X up to equivalence. Its objects are equivalence 
classes [ZY] of formal coverings of X, and, for any pair U, V of formal coverings of X, 

(1.3.1.1) Homco,(x)/^(M, [V]) = Jim^liomcovix)ill\V) , 

where W \s & quasi-isoroorphism of formal coverings. If $ is a quasi-isomorphism, ^<i> 
canonically identifies Xy to X^. In particular, if U and V are any pair of equivalent formal 
coverings of X, the inclusions ^ -.U UUV and '5 : V ^ Z// U V are quasi-isomorphisms 
and ^<i> and ^.p are isomorphisms which canonically identify sp^^ with spy. In other words, 
the natural functor U ^ Xu factors through the reduction functor Cov{X)/ ~ — >• Sch^. 

Let us now assume that the formal covering U is distinguished. One then defines a sheaf 
of topological rings, flat and topologically of finite type [12, §6.4.1 Cor. 5], hence topo- 
logically of finite presentation [11, §2.3 Cor. 5] over k° , Ou on Xu by setting OuiV) = 
{{st^^Oxg){^))° 1 for open subset V of Xu. The topologically ringed space Xu = 
{Xu, Ou) is a normal formal model of X whose specialization map of G-ringed spaces sp^^ : 
Xg — >■ ^u set-theoretically identifies with spj^. It is easy to check that if $ : Z^ V is a re- 
finement of formal coverings of X, there is a natural morphism of sheaves of topological rings 
(p\, : Oy {ip,j>)^Ou lifting (p,j, to a morphism of formal schemes tp^ = (<^$, (^9^) : Xu Xy 
whose generic fiber is the identity of the A;-analytic curve X. Moreover, if $ is a quasi- 
isomorphism of distinguished coverings, if^ : Xu — > Xy = Xu is the identity of the formal 
scheme Xu. 
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Definition 1.3.2. We denote by Cov'^^^ {X) the full subcategory of Cov{X) whose objects 
are distinguished formal coverings of X . 

The class of quasi-isomorphisms in Cov'^^^ {X) admits calculus of right fractions. The 
corresponding localized category Cov'^^^{X)/ ~ is a full subcategory of Cou**'® (X)/ ^, and 
is called the category of distinguished formal coverings of X up to equivalence. Its objects 
are equivalence classes [U] of distinguished formal coverings of X. The following result will 
be detailed in [3]. 

Theorem 1.3.3. The construction U i-> 2iu, $ i-^ v$ extends to a functor Cov'^^^{X) — > 
TA{X), which induces an equivalence of categories Cov'^^^ i^)/ ~ J^A{X). 

As explained in [11, §2.8, Step (b) in the proof of Thm. 3], for two admissible formal 
models X and 2) of X, there is at most one morphism iy3 : X ^ S2} inducing the identity on 
generic fibers. Therefore, the category J^A{X) is really a partially ordered directed set. It 
then follows that, for any pair U, V of distinguished formal coverings of X, 



where $ : Z^' — >■ V' is a refinement of formal coverings. 

Definition 1.3.4. Let X be as before, and let U be a distinguished formal strictly affinoid 

covering of X . We say that lA is a (resp. strictlyj semistable affinoid covering of X , if 
Xu is a (strictly) semistable curve over k. It is clear that these notions are compatible with 
equivalence of formal coverings. We define CS{X) (resp. CS^*' {X)) as the full subcategory 
of Cov'^^^ {X) / ~ whose objects are equivalence classes of (resp. strictly) semistable affinoid 
coverings of X . 

Remark 1.3.5. A semistable covering W of X is distinguished by assumption and the 
reduction Xu is geometrically reduced. We deduce from [13, Prop. 1.2] that for any non- 
archimedean extension field K oik and for U®K = {UiSiK}ueu, one has 



It follows from Theorem 1.1.5 that if the covering is (strictly) semistable, then Xu is 
a (strictly) semistable model of X. 

Corollary 1.3.6. The construction U i— >■ Xu induces an equivalence of the category CS{X) 
(resp. CS^* (X)) of (resp. strictly) semistable coverings up to equivalence, and the category 
J^S{X) (resp. J^<S^* (X)). It has the property that llom{Xu,X\>) is nonempty if and only if 
there are formal coverings W and V respectively equivalent to U and V, and a refinement 
$ : Z/^' — >■ v. In that case llom{Xu,Xv) = {</3$}, via the canonical identifictions ofXw and 
Xy with Xu and Xy, respectively. 

1.4 Disks and annuli 

For a € A^(fc) and r € K>o we denote by 



(1.3.3.1) 



Hom, 



^cov--{x)/^mAv]) = 



{>} if 3$:W'-^ V, V'~ V; 

otherwise. 



In particular, U®K is a semistable covering of X®K. 



D{a,r ) = {x e 



: \T{x) - a| < r} C 



(resp. 



D{a,r 



•+) = {x€A^ : \T{x) -a\<r}c A^) 
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the standard open (resp. closed) k-disk of radius r > centered at a. The maximal point 
point ta,r of D{a,r^) is defined by the multipUcative norm 

m 

Eai{T-ay{ta,r)\= max |ai|r' 
i=0,...,m 

on k[T]. We also denote by 

B{a; ri, rz) = {a; G : n < \T{x) - a\ < r2} C 

(resp. 

B[a;ri,r2\ = {x G : n < \T{x) - a\ < r2} C A^) , 

the standard open (resp. closed) k-annulus of radii < ri < r2 (resp. < ri < r2), centered 
at a G A-^(fc). We write i?(ri,r2) (resp. B[ri,r2]) for the standard annulus i?(0; ri, r2) (resp. 
B[0; ri,r2]). The ratio r{V) = rxjr^ € (0, 1) is the height oiV = B{a-, ri,r2) or B[a; ri, r2]. 
In general, an open or closed fc-disk (resp. fc-annulus) is a fc-analytic space isomorphic to a 
standard open or closed fc-disk (resp. fc-annulus). It is fc-rational if, moreover, the radii of 
the corresponding disk or annulus are in |fc|. Two fc-rational fc-annuli, both open or both 
closed, are isomorphic iff they have the same height. 

Moreover, if a fc-analytic curve V is isomorphic via the coordinate T to D{0, r^) (resp. 
to B{r{V), 1)), for any automorphism e Aut{V), and any x &V, \T{ip{x))\ equals \T{x)\ 
(resp. either |r(a;)| or r(V)/\T(x)\: (p is direct in the former case and inverse in the latter). 
An open fc-disk (resp. fc-annulus) is a simply-connected quasi-polyhedron; it has precisely 
one (resp. two) endpoint(s). 

A fc-disk or fc-annulus in a fc-analytic curve X will simply be called a disk or an annulus 
in X. 

Definition 1.4.1. The standard formal disk over k° is the formal affine line A^ := A^o = 
Spf fc°{r}. The standard formal annulus of height r G |fc| fl (0, 1) over k° is the k° -formal 

scheme "^[r, 1] := S\)ik°{S,T} /(ST - a), where a e fc°, |ol = r. Notice that «B[r, 1] is well- 
defined. A basic formal disk (resp. a basic formal annulus j over k° is an affine connected 
k° -formal scheme 05 = Spf ^ equipped with a dominant etale morphism T to the standard 
formal disk (resp. to a standard form,a,l annulus) over k° , such that the inverse image of the 
point G A^(fc) (resp. {S,T) G Spec k[S,T]/ (ST)) consists of a single point, with residue 
field k. A basic afiinoid disk (resp. basic afhnoid annulus^ over k is the generic fiber of a 
basic formal disk (resp. annulus) over k° . We write (*B, T) for a formal disk (resp. annulus) 
and {B,T) for the corresponding affinoid disk (resp. annulus). 

Notice that if (*8, T) is a basic formal disk (resp. annulus) as in the definition, the generic 
fiber of T induces an isomorphism of fc-analytic spaces T~^{D{0, 1~)) D{0, 1~) (resp. 

T-HB{\all)) ^ B{\a\A)) 

We will make essential use of the following immediate consequence of definition 1.1.4. 

Lemma 1.4.2. Every semistable k° -formal scheme has a finite covering by etale neighbor- 
hoods which are basic formal annuli or disks over k° . 

In our discussion below, it will be more convenient to use a different normalization for 
the coordinate function T on a formal annulus. Namely, for ri,r2 G |fc| fl (0, 1], we define, 

(1.4.2.1) A[rur2]=k°{S,T,U}/{a2S-T,TU-ai) , 5B[ri,r2] = Spf A[ri,r2] , 

where Oi G fc°, |ai| ~ ri, i — 1,2. So, ^[ri,r2] is isomorphic to the formal annulus 
^[ri/r2, 1], via the coordinate T/02. Let S be a fc°-formal scheme and T : ® *B[ri, r2] be 

an etale morphism, such that the composite X — ^ S[ri,r2] "^^"'^ > 5B[ri/r2, 1] is a basic 
formal annulus of height ri/r2 over fc°. We still say that (05, T) (resp. its generic fiber 
{B,T)) is a basic formal (resp. affinoid) annulus of radii r\, r2 over k°. 
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1.5 Semistable partitions 

We introduce here a very simple notion, equivalent to the ones discussed in the previous 
subsections of semistable formal model and of semistable affinoid covering of X. It is the 
notion of a ''scinistablc! partition" of X. It has the virtue of making coniplctcily obvious two 
well-known statements for which there is no canonical reference in the literature. Namely, 
the existence of a minimum semistable model of X (unless X is the analytification of either 
a rational or a Tate curve), and the existence of a common minimum semistable refinement 
of two semistable formal coverings. Again, we need such explicit descriptions, in view of 
application to differential systems on X. 

We refer to [3] for full proofs in a more general setting. 

Definition 1.5.1. Let X be a connected compact rig-smooth strictly k-analytic curve over an 

algebraically closed non-trivially valued non-archimedean field k. A partition of X into a dis- 
joint union of a finite set of open annuli B = {-Bi, . . . , -Bat} and a finite set C = {Ci, . . . , Cr} 
of connected distinguished strictly affinoid domains with good canonical reduction will be 
called a semistable partition of X , and will be denoted, by -'^{B,C). The semistable partition 
3^{B,C) is a strictly semistable partition if every annulus B & B has two distinct boundary 
points in X\B. If X is the analytification of a smooth projective curve with good reduction, 
we also regard ^(0, {X}) as a (strictly) semistable partition. For two semistable partitions 
g» = ^{B,C) and ^' = ^{B\C') of X, we say that ^' > ^ if for every B € B (resp. 
C € C), the elements of B' and C contained in B (resp. C) give a partition of B (resp. 
C). We denote by VS{X) (resp. VS^^ {X) ) the category, in fact a partially ordered set, of 
semistable (resp. strictly semistable) partitions of X . 

Remark 1.5.2. The condition that the afhnoids of C be distinguished is equivalent to the 
requirement that the boundary points of the annuli of S in X be points of type (2) [12, 
6.4.3]. 

Remark 1.5.3. If ^{B,C) is a strictly semistable partition of X, and B G B, the two 
boundary points oi B in X \ B are the maximal points of two distinct afEnoids Cb i and 

Cb,2 e C. 

Let X be a semistable (resp. a strictly semistable) formal model of X and let sp : X — > 
be the corresponding specialization map to a curve over k. Let Sing(Xs) be the singular locus 
of Xs, and let = Xs\ Sing(Xs) be the smooth part of Xs- Then Sing(Xs) = {zi, . . . , zn} 
where each Zj is a closed point of Xs, and Bi := sp~^{zi) is an open annulus in X. Similarly, 
let Ci, . . . , Cr be the connected (hence irreducible) components of the smooth locus 3£|™, and 
let rjc be the generic point of Cj. Then cither X is smooth in which case r = 1 and Ci = X^, 
or sp~^(Cj) is a connected affinoid domain Cj in X with good canonical reduction, whose 
Shilov boundary consists of the single point r]Cj of type (2), unique inverse image of rjc-. 
Let Bx = {Bi,...,Bn} and Cx = {Ci,...,Cr}. We conclude that ^x = ^{Bx,Cx) is 
a semistable (resp. strictly semistable) partition of X. If : 2) — >• X is a morphism of 
semistable (resp. strictly semistable) formal models of X, then > ^x- we have defined 
a functor X ^ ^x from the category of semistable (resp. strictly semistable) formal models 
of X to the category of semistable (resp. strictly semistable) partitions of X. 

Theorem 1.5.4. The functor X ^x induces an equivalence of categories between !FS{X) 
(resp. TS^^iX)) andPS{X) (resp. P5"*(X);. 

Proof. In order to construct a quasi- inverse of the functor X n> ^x, wc first associate to 
a semistable (resp. strictly semistable) partition ^ = 0^{B,C) of X, a (resp. strictly) 
semistable covering Ugs of X, as follows. For any B G B, let {C, C"} C C be the set of C S C 
such that the closure S of i? in X contains the maximal point r]c of C. (We do not exclude 
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that C = C). Notice that iJUCUC'^BUCUC'isa compact connected analytic domain 
in X, hence it is either an affinoid or a projective curve. In both cases, cutting off a finite 
number of open disks contained in either C or C", we get an affinoid domain Ub such that 

B(iUbCB\JC\JC'. 

Lemma 1.5.5. Let B,C,C' be as before and let Ub be any affinoid domain of X such that 
B c Ub C BuC uC and such that {BuCU C) \ Ub is the union of a finite number of 
maximal open disks contained in either C or C . Then, the canonical reduction of U b is a 
reduced curve which is either irreducible with a single ordinary double point, if C = C , or 
the union of two smooth irreducible curves crossing normally, if C ^ C . 

Proof. Wc apply Prop. 1.2.5 to realize Ub as an affinoid domain in y = S^*^" — 52}^, where 
^ is a strictly semistable projective fc°-sclieme of formal completion 2), and Ub is of the 
form sp^{Z), for Z an affine open subset of 2)s. Notice that this does not imply that the 
canonical reduction map of Ub be just the restriction of spsg to Ub Z. All we know is 
that there is a morphism compatible with specialization maps Z ^Ub- We now construct 
a semistable partition = (*Bb,Cb) < >^3^2) of Y as follows. On sp^"'^(2)js \ Z), we let 
our partition be defined as .^3^2)', where 2)' is the open formal subscheme of 2) supported 
on 2)^ :=2)s\.E. On Ub C Y, the partition is given by the single open annulus B 
and the (one or two) afhnoids {C fl Ub, C n Ub} (the n being taken in the original curve 
X). Let Bi,. . . , Bm (resp. B[, . . . , B'^,) be the elements of *8b, different from B, whose 
closure contains r]c (resp. rjc)- As in the proof of [6, 3.6.1], we cut thin subannuli, for small 
positive £, B^^\. . . , B^^^ (resp. B'^'\. ..,B'^)), ^ C B„ i = 1, . . . , m (resp. B^^ C B'^, 
j = 1, . . . ,7Ti') having rjc (resp. r]c') as a cluster point. We assume that, for every i, Bi 
is identified with B{ri,l) in such a way that fo,r — > r?c as r — > 1, and is identified 
with B{1 — e, 1) C B{ri, 1), and similarly for B'^^^^ C B'j, for every j. We now glue open 
disks to C (resp. C"), via the natural embeddings B^^^ = B{1 — e, 1) C D{0,1~) (resp. 
Bf"^ = B{1 - e, 1) C D(0, 1")) as r ^ 1, to obtain C ( resp. C). The resulting fc-analytic 
curve T = J7BUCUC'is smooth and proper, and is therefore algebraizable T = c^''^", 
where ^ is a smooth projective curve over k. Moreover, the formal covering {Ub, C,C'} 
determines a formal model T of T whose special fiber is the union of the canonical reductions 
{Ub, C, C'} of the three affinoids in the covering. As for C and C, they are disjoint affine 
open smooth fc-subvarieties of Ig. Moreover, X\sp^^(CUC') = B implies that Ts\(CUC') 
consists of a single fc-rational point. By [13, 2.3], that point is an ordinary double point of 
Ig. This concludes the proof. □ 

We now define the affinoid covering U,^ oi X, as the union of C and of the set of all 
affinoinds Ub constructed as above, for all B G B. It is clear that, for any choice oi B,B' e B 
and of affinoids Ub and U'^,, as above, the intersection Ub^^U'^, is a formal affinoid in both 
Ub and U'^,. In other words, we have shown that Ug^ is a formal semistable covering of 
X. We set for the formal scheme ?ius>>- If ^ ^ there a canonical refinement 
$ : U^i — > Ugn, and therefore a morphism 36^/ — >■ 

The composite functor X i— := ^ ^ Xy,^ is easily seen to be the identity 
of JFS{X) (resp. of J^<S"* {X)). Similarly, 3^ ^ U^^ ^ X := Xu^. ^ is the identity of 
rS{X) (resp. rS^^{X)). □ 

The proof of the following results will be detailed in [3] . 

Lemma 1.5.6. Let X be a compact rig-smooth strictly k-analytic curve. Then 

1. The union of two closed disks with nonempty intersection in X is either one of the 
two disks, or else it is all of X and then X is the analytification of a projective smooth 
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curve of genus 0. In the former case the intersection of the two disks is one of them; 
in the latter, it is a closed annulus. 

2. A non-empty intersection of a closed disk and a closed annulus in X is either the disk 
or the annulus or a strictly smaller closed annulus. Their union is, respectively, the 
annulus, the disk or a strictly bigger closed disk. 

3. A non-empty intersection of two closed annuli in X consists of either one or two 
disjoint closed annuli. Their union is a closed annulus in the former case and a Tate 
curve in the latter. 

Corollary 1.5.7. The lemma holds by replacing "closed" by "open" everywhere in the state- 
ment. 

Corollary 1.5.8. Let C and C be connected strictly affinoid domains of X, with good 
canonical reduction. Then 

1. Assume X is not rational. Then C Ci C equals either 0, or C or C , or else it is a 
formal affinoid domain in both C and C . 

2. If the union U = C D C is an affinoid domain in X, properly containing both C and 
C , then U has good canonical reduction, and its specialization map is induced by those 
ofC andC. 

3. The intersection of a closed annulus B of X with C , equals either 0, or B, or C , or 
the complement in C of a finite number of open disks contained, in distinct residue 
classes, and coinciding with the full residue class except for at most one of them. 

Corollary 1.5.9. 

1. The intersection of an open disk D of X with a connected strict affinoid domain C of 
X, with good canonical reduction, equals either % or D or C, or the complement of a 
closed disk contained in a single residue class of C. 

2. The intersection of an open annulus B of X with a connected strict affinoid domain 
C of X, with good canonical reduction, equals either % or B or C. 

Straightforward consequences of the previous lemmas are the following propositions [3] . 

Proposition 1.5.10. The partially ordered set of semistable partitions of X is directed: if 
^ = ^{B,C) and ^' = ^{B',C') are semistable partitions of X, there exists a minimum 
semistable paHition 0"' of X with ^" > ^ and ^" > ^' . 

Proposition 1.5.11. Assume X is neither the analytification of a rational nor of a Tate 
curve. Then the partially ordered set of semistable partitions of X has a minimum = 
^(So,Co). 

1.6 Subpolygons of an analytic curve 

There is a fourth equivalent viewpoint we need to master for dealing with differential equa- 
tions on X. This is the notion of a "subpolygon of X" . Actually, this notion has been used 
implicitly by Dwork, Robba, Christol,... since the infancy of the theory of j3-adic differential 
equations. The framework of Berkovich analytic spaces gives substance to what has been 
for a long time a somewhat artificial tool to describe the "generic" behaviour of radii of 
convergence of power series solutions to differential equations. The global description of 
radii of convergence on the full Berkovich analytic space is the main novelty of this paper. 
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This section is entirely due to Berkovich, but we are unable to give precise references for 
most of the material we have collected here. Full details are given in [3]. 

We recall that the non-archimedean field k is supposed to be non-trivially valued and 

algebraically closed. 

Definition 1.6.1. Let Y be any rig-smooth strictly k-analytic curve. The analytic skeleton 
S{Y) of Y is the minimum closed subset T of Y, such that Y\T is a union of open disks. 
A vertex of Y is a point contained in no open annulus. We denote by V{Y) c Y the set of 
vertices ofY. 

Notice that a vertex of Y necessarily belongs to S{Y) and that, if Y is afBnoid, any point 
in the Shilov boundary of F is a vertex. Points of S{Y) are of type (2) or (3). We denote 
by H(y) C Y the subset consisting of points of type (2) or (3), and call it the Berkovich 
hyperbolic subspace of the curve Y. For any algebraically closed non-archimedean extension 
field k' /k, the canonical projection Y®k' Y induces a homeomorphism S{Y®k') 
S{Y) (resp. V{Y%k') ^ V(F)). 

Definition 1.6.2. An open segment E in Y is the skeleton of an open annulus in Y . Its 
('multiplicative^ length £{E) is the inverse of the height of the corresponding annulus. An 
open half-line in Y is the skeleton of an open disk punctured at a k-rational point in Y. We 
say that it has infinite length. 

Example 1.6.3. For the standard fc-anmilus B{ri,r2), the skeleton is the subset {to,p\ri < 
p < r2}, homeomorphic to (ri,r2) via p i— >■ to,p. The elements of Aut(i?(ri, r2)) act on 
S{B{ri,r2)) via the identity, if they are direct, and via p rir2/p otherwise. Similarly for 
punctured open disks. 

For an open segment (resp. an open half-line) E C Y, the open annulus (resp. the open 
punctured disk) A C Y such that S{A) = E is uniquely determined as the union of open 
disks D'mY\E such that the closure of D in Y intersects E. We denote it by Ae. An 
open segment (resp. half-line) E is k-rational if Ae is a fc-rational open annulus (resp. disk) 
in Y, i.e. if the ends of in F are points of type (2) (resp. one point of type (2) and one 
fc-rational point). 

Let E be an open fc-rational segment of F of length l/r{E). An isomorphism T : Ae ——^ 
B{r{E), 1) induces a homeomorphism p = \T{—)\ : E {r{E), 1), which is canonical up 
to the inversion p i->- r{E)/p. 

Notice that the previous construction associates canonically, on any simply connected 
sub-quasi-polyhedron U of H(X), a (multiplicative) length £ui[x,y]) € (l,oo) where the link 
[x,y], with x,y gU is the unique path in U joining x to y. In fact, [x,y] is a disjoint union 

N 

of a finite set Ei,. . ., E^ of open segments of X contained in U, and £{[x, y]) = Y\_£{Ei). 

The function {x,y) H> i{[x,y]) is clearly continuous on U x U . 

Definition 1.6.4. A subpolygon of X is a triple S = {S,V,S), where S is a compact 
connected subset of M.{X) and V is a finite subset of points of type (2) of S called the 
vertices of S. We assume that the connected components of S \ V are a finite set of open 
(necessarily k-rational) segments Ei, . . . ,Etf of X. We call them open edges o/S and write 
£ = {El, En}. For two subpolygons S = {S, V, £) and S' = (6", V, £') of X, we write 
S < S', and say that S is a subpolygon of S' if S C S' , V C V, and every open edge E <E £ 
is a union of vertices and open edges of S' . A morphism (p : S' ^ S of subpolygons of X is 
a continuous retraction y : 6" — >■ 5 such that for any open edge E' G £', either ip{E') is a 
vertex o/S or ip induces the inclusion of E' in an open edge o/S. A subpolygon S = (5*, V, £) 
of X is complete if X \ S is a union of open disks. We denote by QV{X) the category of 
subpolygons of X, and by Q'P'^{X) the full subcategory consisting of complete subpolygons of 
X. 
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Notice that, if a morphism : S' — >■ S in QV{X) exists, S is a subpolygon of S', and 
the fibers of over a vertex are simply connected trees. We also denote by {Q'P{X), <) the 
category associated to the order relation <: a morphism S < S' in this category is called 
an inclusion S ^ S' of subpolygons of X. Let t : S — >■ S' be an inclusion of subpolygons of 
X. We say that i is a subdivision (and that S' is obtained by subdivision of S) if 5 = S' . 
A subdivision is visibly the composition of a finite number of subdivisions obtained by the 
addition of one vertex inside an open edge. We call 1-step subdivision such a subdivision. 
In general, a subdivision S < S' in which S' has N vertices more than S, i.e. an N-step 
subdivision, is a product of N 1-step subdivisions. An inclusion S < S' is called exact if 
every vertex (resp. open edge) of S' contained in 5 is a vertex (resp. open edge) of S. An 
inclusion t : S — > S' canonically decomposes into a composition l = soa, where e : — > S' 
is an exact inclusion and cr : S —> S'* is a subdivision. 

For a morphism </3 : S' — >■ S in QV{X), we say that it is a trivial retraction if S < S' 
is a subdivision, and a neat retraction if S < S' is an exact inclusion. Any morphism 
: S' S in QV{X) canonically decomposes as (/j*'''^ o (^"oat^ where : S' is neat 

and ip^"" : S** — >■ S is trivial. Notice that a neat retraction sends vertices to vertices. A 
neat retraction : S' — > S is simple if there are precisely one open edge and one vertex 
of S' which are not, respectively, an open edge and a vertex of S. Every neat retraction 
: S' — ^ S is a composition of a finite number A'^ of simple retractions. The number N 
is the number of open edges of S' which are not open edges of S. Similarly, every trivial 
retraction is a product of a finite number of trivial 1-step retractions, each corresponding to 
a 1-step subdivision. 

To any semistable partition ^ = ^(B = {Bi, . . . , Bn},C = {Ci,...,Cr}) of X, we 
naturally associate a complete siibpolygon S(,f?'), whose vertices are the maximal points of 
the affinoids Ci, . . . , Cr and whose open edges are the skeleta of the open annuli . . . , -Bjv. 
If ^' > ^ in VS{X), it is clear that S(^') > S(^) as subpolygons of X, and that there 
is a morphism S(^') -J> S(^) in GV. 

The following results arc proven in [3]. 

Theorem 1.6.5. The functor S establishes an equivalence of categories between PS{X) 
and QV'^{X). Moreover, Q'P'^{X) is the opposite category to {QT"^{X),<). We also denote 
by S the composite functor X >->■ ^{^x) ='■ S(3£), which induces an equivalence of 

categories between TS{X) and GP^{X). 

Notice that [8, 1.7] the generic point of a component d of X,, has a unique inverse image 
r]i in X under spj^, and the set of vertices V{X) of S(X) is precisely the set of those inverse 
images. The set of open edges £{X) is the set of analytic skeleta of the inverse images under 
sp3£ of the singular points of Xg- For a morphism 93 : 2) X in TS{X), we denote by 
Tx,S) ■ S(2)) — > S(X) the corresponding morphism in QV^{X). Then, as a topological space, 

(1.6.5.1) A= ^(5(2)),T3,a,) , 

?)>3 

while the subset M.{X) c X of points of type (2) or (3) is 

(1.6.5.2) m{x) = \Jsm, 

where SZ) varies among semistable models of AT. In particular, we get, for any semistable 
model X of X, a retraction tx ■ X ^ S{X), as the natural map 

(1.6.5.3) T3e := ^(5(2)),r3e,2,) , 

<!)>X 

to S{X). It has the property that the inverse image under tx of any vertex or closed edge 
of S(X), is a strict affinoid domain in A". It follows that the same is true for any closed 
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fc-rational segment contained in a closed edge of S(^) (because it is a closed edge of S(X), 
for some 2) > X). If 3£ = 3£o is the minimum semistable model of X, then S(Xo) = S{X) 
and = Tx- 

Definition 1.6.6. For any semistable model X of X, and any rational point y £ X (nec- 
essarily, y € X \ S{X)), we denote by Dx{y,'i-~) the maximal open disk neighborhood of y 

contained in X \ S{X). 

Definition 1.6.7. Assumptions as in definition 1.6.6. An isomorphism 
(1.6.7.1) Dy,{y,l-) ^ Dk{Q,l-) 

is called an X- normalized coordinate at y. 

Notice that the map tx takes the disk Dx{y,^~) to the unique boundary point of 
Dx{y,l-) in X, not in Dx{y,l-), My) G S{X). The fiber t^^Mv)) \ {My)} is the 
disjoint union of a family of disks having the same limit point Tx{y) £ S{X). It follows 
from theorem 1.2.9 that for any compact rig-smooth strictly fc-analytic curve X, which is 
not rational, and any rational point y <E X (necessarily, y £ X \ S{X)), there exists a max- 
imal open disk neighborhood Dx{y, 1^) of y in X. It generalizes the neighborhood 'Dy{X) 
defined in the introduction for an affinoid X in . 

1.7 Admissible blow-ups 

Let us recall that for any admissible A:°-formal scheme X, any a G k°° \ {0}, and any open 
ideal of finite presentation 21 c Ox, one defines the blow-up of X along 21 as the morphism 
(p : y ^ X of formal schemes, inductive limit as n — > oo, of the blow-up ipn '■ ?)„ — > X„ of 
the scheme X„ = {X, Ox/{a)^~^^) along the ideal 21® ©^/(a)"^^- Such a morphism is called 
an admissible blow-up, and is independent of the choice of a. 

Wc now show that a morphism (p : X' X in TS{X) is an admissible blow-up. We use 
the category VS{X) for our description. Let us consider two strictly semistable partitions 
^ = ^(S,C) and ^' = 0^{B',C') of X, with ^' > ^, and let ip : X' := Xg^, X := 
X^ be the corresponding morphism of J-S{X). Consider an affinoid with good canonical 
reduction C G C. Then either C" is contained in an open annulus B G S or it is contained 
in an afiinoid C G C. In the second case, either C is contained in a single residue class D of 
C, or the maximal point rjc' of C coincides with the maximal point rjc of C . In the latter 
case, C" is the complement in C of a finite number of residue classes Di, . . . ,Dr oiC . Notice 
that for each i = 1, . . . ,r, Di must contain a finite number of disjoint affinoids with good 
canonical reduction belonging to C . The partition may be reconstructed from the family 
^ = ^(^', ^) of the elements of C contained in either an open annulus i? G S, or in a 
maximal disk D of some affinoid with good canonical reduction C & C. In fact, let Cq G C 
be an affinoid with good canonical reduction which is not in ,J?. Then, Cq is obtained from 
one affinoid C G C, by subtracting those residue classes which do contain some C" G On 
the other hand, the annuli in B' are simply the connected components of the complement in 
X of the imion of all affinoids in C' . Now if B (rcsp. D) is an open fc-rational annulus (resp 
disk), the description of connected strictly affinoid domains with good canonical reduction 
in B or D is elementary. They are the complement of a finite number of maximal open disks 
in a closed strictly affinoid disk. Wc define C,^ as the union of all affinoids V <E and 21;^ 
as the sheaf of ideals of Ox consisting of sections / of Ox whose pull-back under spx is < 1 
on Cip. It is clear (by explicit description of generators) that 21,^ is an open ideal of finite 
presentation of Ox- 

It is easily seen (c/. [3] for more details) that 

Theorem 1.7.1. The morphism ip is the admissible blow-up of X along 21,^. 
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Definition 1.7.2. We will say that the morphism ip : ^T) ^ X in TS{X) is a trivial (resp. 
simple^ 1-step blow-up, if the corresponding morphism S((p) : S(2)) S(X) in QP^^(X) is 
a trivial (resp. simple) 1-step retraction. 



Corollary 1.7.3. Any morphism (fi -.^ ^ 3C in TS{X) is a composition 
(1.7.3.1) 

2) =: 2)W ^ 2)(^-i) ... ^ ... ^ 2)(i) ^ 2)(o) := x^^^ ^ X'^^'^^ • • • ^ X'^) 



where 2)^*+^^ — >■ 2)*^*^ «5 the blow-up of a single closed disk contained in an open disk 
D^(i){x,l~), for some x € X \ S'(2)('^) (resp. — >■ X^'^ is the blow-up of a single 
closed annulus of height 1 contained in an open annulus Bi G Bi and intersecting its skele- 
ton, where = {Bi,Ci) is the semistable partition associated to Xi). 

In particular, every morphism : X' — !> X in J-S{X) is an admissible blow-up. it is a 
product of 1-step trivial or simple blow-ups, and each non-empty fiber of X'^, — > X^ is a 
connected union of rational smooth projective curves whose graph is a tree. 



1.8 Etale morphisms of formal schemes 

For any morphism ip : X oi semistable fc°-formal schemes, with generic fiber ip^ : Y 
X, the following diagram is commutative [9, 4.4.2] 



(1.8.0.2) 



Y 



S{X) 



X 



If, moreover, (p : ^ ^ X is etale, then (pn{S{y)) C S{X), and (p^'^{S{X)) = 5(2)), so 
that the previous diagram becomes 



(1.8.0.3) 



Y 



S{X) 
rx 
X 



and ipjj induces isomorphisms Dtx){y,r ) D^{x,r ), for any y €:Y\ 5(2)), v'r;(y) = 
r G (0,1] [4.3.2 loc.cit. ]. 

Suppose the point y € F is a vertex of S(2)). This means that it is the unique inverse im- 
age under spsg of the generic point of a component c of 2)s. But ip indiiccs an etale morphism 
from the smooth part c''™ to a component c' of Xg [8, 2.2 (i)]. Therefore, </?^(V(2))) C V(X). 



2 Continuity of real valued functions on rig-smooth k- 
analytic curves 

Lemma 2.0.1. Let k be any non-archimedean field, Y be any k-analytic space, L a non- 
archimedean field over k and Yl = Y®}.L be the extension of Y to L. Then the natural 
topology of Y is the quotient topology of the natural topology of Yl via the projection map 
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Proof. We first prove that the map tpL is closed. Let C be a closed subset of Yl. Let y be a 
point of y \ iPl{C), and let D2 be a compact neighborhood of y in Y. Then Di = ip^^{D2) 
is a compact subset of Y^. The intersection C n Di is then compact; its image iPl{C fl Di) 
is then closed, so that D2\iPl{C Ci Di) is a neighborhood of y in F not intersecting iPl{C). 
The conclusion follows from [27, 2.4]. □ 

We assume from now on in this section that the non-archimedean field k is non-trivially 
valued. 

Definition 2.0.2. Let X be a semistable k°-formal scheme, T a topological space, and let 

X = be the generic fiber of X. Let f : X ^ T be any function and, for any non- 
archimedean field extension k'/k and etale morphism of semistable k'° -formal schemes ip '■ 
2) — >■ 3i<Sik'°, let f^ :^rj be the composite 

ftp = f °'>l-'Xr,,k'/k°'^v ■ 

We say that (/,/,)^ is the etale-local system of functions on X with values in F associated to 
the function f. We identify f = fi^^ with the system (/j/,)^'- 

Notice that if / : X — > F is continuous, every component of the etale-local system of 

functions associated with / is also continuous. We present some basic results in the opposite 
direction. The first lemma is a consequence of lemma 2.0.1 and [8, Lemma 5.11]. 

Lemma 2.0.3. Let X be a semistable k°-formal scheme and f = (/i/,)^) be an etale-local 
system of functions on X with values in the topological space T, associated to the function 

f : X = Xri ^ T. Assume there is a non-archimedean extension field k'/k and an etale 
covering {■^^ : 2) X®k'°}a of X®k'° , such that \/a, f^^ is continuous. Then f is 
continuous. 

Notation 2.0.4. Let [a, b] be an interval in R, and let F be a topological subspace of the 
metric space of all continuous functions [a,b] K, where d{h,g) = supjj<^<{, \h{x) — g{x)\. 
We consider from now on etale-local systems of functions on X with values in a topological 
space F of this type. Notice that F has a partial ordering <, where h < g ii h{x) < g{x) 
V.T e [a, b], and that \i g — e < h < g -\- e, with £ > a constant function on [a, 6], then 
d{g,h) <2e. 

We recall for completeness that a function : T ^ F, where T is any topological space 
is upper semicontinuous or USC (resp. lower semicontinuous or LSC) if Vio € T and e > 0, 
there exists a neighborhood Utg^E of to in T such that 

(p{t) < (p{to) + £ (resp. ip{t) > ip{to) - £ ) 

\/t G If Va G /, <pa is USC (resp. LSC), then 

(p = inf (fia (resp. (p = sup (pa ) 

is USC (resp. LSC). Notice that if (p is both USC and LSC at to G T, then it is continuous 
at to- From now on in this section k is algebraically closed and X be a rig-smooth strictly 
/c-affinoid curve. 

Definition 2.0.5. A strictly affinoid domain V C X is said to be special if it is either 
isomorphic to a closed disk in t^^{x) for a point x G S{X) of type (2), or it is r^^(Z/), 
where L is a k-rational closed interval in a closed edge of S{X), such thai a,t most one of 
the ends of L is a vertex (the case of L consisting of a single point is not excluded). In the 
former case, S{V) = r{V) is the maximal point of the disk and, in the latter case, S{V) = L 
and T{V) = V{V) consists of the ends of L. 



29 



In the following theorem, for a function f : X ^ T and for any algebraically closed 
non-archimedean field k' over k, we let Xk' := X®k' , tpx,k' /k '■ ^k' X he the canonical 
projection, and fk' ■= f ° '>Px,k' /k be the pull-back of / to Xk'- 

Theorem 2.0.6. Any function / : X — > F with the following five properties is continuous: 

1. f is continuous at every k-rational point of X; 

2. the restriction of f to every special affinoid subdomain V of X is such that f{x) > 

min f{y) for all points x e V; 

yer{v) 

3. for any algebraically closed non-archimedean field k' over k, the restriction of fk' to 
any open segment of Xk' is continuous; 

4- the restriction of f to S{X) is continuous at all vertices ofS{X); 

5. f is use. 

Notice that the properties (3) and (4) of the theorem imply that the restriction of / to 
S{X) is continuous. 

Proof. First of all, we observe that, given an algebraically closed non-archimedean field k' 

over k, the function fk' '■ Xk' — > F possesses the properties (1) — (5). Indeed, this is trivial for 
the property (3). Property (4) follows from the isomorphism S{Xk') S(X). Property 
(5) is a consequence of lemma 2.0.1. Furthermore, the validity of (2) for Xk' follows from 
its validity for Xand the property (3). Finally, let x' be a fc'-rational point of Xk>, which is 
not the preimage of a fc-rational point of X. If x is the image of x' in X, then the preimage 
of X in Xk' contains an open neighborhood of x' in Xy (isomorphic to an open disk), and 
the property (1) follows. 

By lemma 2.0.1 we may increase the field k and assume that it is maximally complete 
(and algebraically closed). By the property (5), it suffices to verify that, for every point 
xq G X and every e > 0, the set {a; G X | f{x) > f{xQ) — e} contains a neighborhood of the 
point xq- According to (1), we may assume that xq ^ X(k). 

Consider first the case when xq ^ 5'(X). We may then assume that xq € Dx{y, 1~), 
for some y € X{k). Then Dx{y,l~) - -Dfc(0, 1~), y 0, and xq ^ to,r e £>fc(0, 1~) for 
some < r < 1. Take now a number r < R < 1. It follows from the property (3) that the 
restriction of / to the interval {toy\r < r' < R} is continuous and, therefore, we can find 
R sufficiently close to r with /(to,fl) > f{xo) — Let V be the closed disk D{Q,R'^). It is 
an affinoid neighborhood of xq = to,r in D{0, 1~) with r{V) = {^o.fl} and, by the property 

(2) , we get f{x) > /(io.fl) > f{xo) — £ for all points x GV. 

Suppose now that xo € S{X). First of all, if x lies in an open edge of S(X), then 
the preimage of that edge under the retraction rjc : X — t- S{X) is isomorphic to an open 
fc-annulus isomorphic to B{ri,r2), where xo to,r, with n < r < r2- By the property 

(3) , the function (ri,r2) — >■ F : r' i-^- f{to,r') is continuous, and so we can find numbers 
ri < Ri < r < R2 < r2 sufficiently close to r such that /(yi), 7(2/2) > /(a^o) — £, where 
yi ~ to.Ri and 2/2 =to,R2- Let y be the closed annulus r3^^([i?i, i?2]) = -D(0, i?J)\£'(0, i?]~). 
Then F is a neighborhood of xq, and T{V) = {yi,y2}- Property (2) implies that f{x) > 
min(/(t/i), /(1/2)) > f{xo) - £ for all x €V. 

Furthermore, suppose that .tq is a vertex of S(X). If S{X) = {xq}, then {xq} is the 
Shilov boundary of X and, by property (2), one has f{x) > f{xo) for all x G X. Assume 
therefore that S{X) ^ {xq}- Consider a connected closed neighborhood L of xq in S{X) 
which does not contain vertices of S(X) other than xq. One has L = Uf^iLi, where each Li 
is homeomorphic to [ri, 1] with ri G | and xq corresponds to the point 1 of [ri, 1]. Let Vi 
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be the affinoid domain T^^(Xj) C X. The union IJ"^]^ Vi is a compact neighborhood of xq 
in X, so that it suffices to verify that the set {x € Vi\f{x) > f{xo) — e} is open in Vi. Since 
the restriction of / to S{X), hence to L, is continuous at xo, for any given e > 0, we may 
find Vi e |fc^ I n (0, 1) so close to 1 that /(?/«) > f{xo) — e. Property (2) then impfies that 
f{x) > f{xo) — s for ah x GVi, and the theorem follows. □ 



3 Normalized radius of convergence 

3.1 Formal structures 

Notation 3.1.1. In this section, k is supposed to be non trivially valued, algebraically 
closed and of characteristic zero. Here X is the complement 

(3.1.1.1) X = X\Z, 

of a finite set (possibly empty) Z = {zi, . . . , z^}, consisting of r distinct fc-rational points 
in a compact rig-smooth connected fc- analytic curve X. Wc assume that X is the generic 
fiber of a semistable fc°-formal scheme X. It is well known that the reduced positive divisor 
Z determines a finite fiat closed reduced subscheme 3 of 3t. We call 3 the schematic closure 
of Z in X. 

It is known [33] that there is an admissible blow-up 2) of X such that the inverse image 
of 3' of 3 in 2) is an effective relative Cartier divisor of 2) finite etale over Spf k° which does 
not intersect the singular locus of SZ). 

So, we will assume in the following that the schematic closure 3 of Z in X is Stale and is 
contained in the maximal smooth open formal subscheme of X. We point out that this fact 
is equivalent to the requirement that the disks D^{zi, 1~), . . . , D-^{zr, 1~) are distinct and 
that their boundary points t^{zi), . . . , T-^{zr) are vertices of S(X). 

Remark 3.1.2. We keep the notational distinction between Z and 3 mainly for future use. 
We generalize the skeleton functor 

^'^■^■^■^) X ^ S(X) , 

described in theorem 1.6.5 for compact X, to the present non compact case, as follows. 

Definition 3.1.3. A subpolygon of X is a triple S = {S,V,£) consisting of a connected 
closed subset S of X, of a finite setVcX of points v of type (2) (the vertices of S), and 
of a finite set £ of open edges of S. It is required that the elements of E are either open 
k-rational segments (the open edges of finite length of or open k-rational half-lines of X 
(the open edges of infinite length of S^, and that S is the disjoint union of the elements of 
£ and ofV. A subpolygon S = {S,V,£) of X is complete if X\S is a union of open disks. 

Definition 3.1.4. Let 2) — > X 6e a semistable model of X above X. We define the 2)- 
skeleton of X = X\Z as the subpolygon ofX, 83(2)) = (£'3(2)), V(2)), £(2)) U {£1, . . . ,^ J), 
where 5*3(2)) = 5(2)) U UI=i '^''^d £i is the half-line S{D<2){zi, 1~) \ {zi}), for i = 1, . . . ,r. 
A 2)-normalizcd coordinate at Zi is an isomorphism Tz- : Dfg(zj,l^) ~ > £)(0, 1~) with 
Tzi{zi) = 0. We will say that the open half-line ii connects Zi to rsQ{zi). For any rigid point 
x e Xq, we define the S2)-maximal open disk D(g3(a;, 1~) in X, centered at x as the maximal 
open disk contained in -Da)(x, l~)r\X. 

The boundary point r(g3(x) of Di2).^-,{x, 1~) in X belongs to 53(2)) and, as in (1.6.5.1) 
we have a canonical continuous retraction 

(3.1.4.1) T>g,3:X^53(2)). 
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Let f be a locally free Ox-Module of finite type equipped with an X/ ^-connection V. 
Notice that the abelian sheaf 

=Ker(V 

for the G-topology of X, is not in general locally constant. We use a canonical coor- 
dinate T : Drg^^{x,l~) D{0,1~), with T{x) = 0, on D<q^:^{x,1~), and define, for 
r G (0,1), Dy^^{x,r^) as T~i(D(0,r=^)). For any r € (0,1) n |fc|, the restriction off to 
D = £)2)3(a;,r+) c £>2)_3(a;, 1~) is a free Ou-Module of finite type. Let us choose a basis 
e : O^. The coordinate column vector y with respect to the basis e of a horizontal 
section of (£|£), V|£)) satisfies a system of differential equations of the form (0.1.0.1) where 
G G Mn^n{Ox{D)) depends on r and on the choice of the basis e. By iteration of the 
system (0.1.0.1) we obtain, for any z G N, the equations 

(3.1.4.2) (i!)-i(^)»^-=G[,]y , 

with G[i] G M^^^{Ox{D)). 

The power series Y{T) — G[i^{x){T ~ a;)* converges in a neighborhood U oi x € D 
to the unique solution matrix of the system (0.1.0.1) such that Y{x) is the ji x ji identity 
matrix. So, eY G £^{U)^ is a row of horizontal sections of £{U). For any r G (0, 1) fl 
the value 

(3.1.4.3) Tlr{x) :=min(r,liminf |GM(a;)r^/') G (0,r] , 

i— >CX3 

is the radius of the maximal open disk D{0, p^), contained in D(0, r+), such that the power 
series Y(T) converges in D{0, p^). It is independent of the choice of T and of the basis 
e of f restricted to £)!g3(x,r+). The matrix Y{T) is in fact an invertible solution matrix 
of the system (0.1.0.1) holomorphic in D{Q,TZr{x)~), since the differential system for the 
wronskian w := det Y, namely 

(3.1.4.4) ^ = ^TrG)w , 

has no singularity in D(0, 1~). We conclude that ^(^^ nr(x)-) constant sheaf A;'* 

on D<x),z{x,nr{x)-). 

For n < r2 < 1 we have 7^ri(a;) < 'R,r2{x) < 1, and therefore the quantity 

(3.1.4.5) n{x) := limTlrix) ( r G |fc| n (0, 1) ) , 

r— >1 

is well-defined and belongs to (0, 1]. We conclude that Ti(x)-) ^® ^ locally constant 

sheaf with fiber fc'^ on D^^-2,[x,7i{x)~) (for both the natural and the G-topology). Since 
D<x)^'^{x,'R,{x)~) equipped with the natural topology is contractible, ^{xnix)-) is in fact 
the constant sheaf on D<q^t,{x,'R,{x)~), and £\d^ ^{x,'R.{x)-) is fi^ee of rank fi. 
From the previous discussion, we conclude the following 

Proposition 3.1.5. If for some analytic domain V C X , £^ is locally constant, then it is 
necessarily a local system ofk-vector spaces of rank fi on V and the canonical monomorphism 

(3.1.5.1) £^y (^kOv^£\v , 

is an isomorphism. For any x G X{k), _D2).3(a;, 7?.(a;)^) is the maximal open disk T) cen- 
tered at X, not intersecting £'3(2)), and such that £^ is a locally constant sheaf on V, or, 
equivalently, such that the restriction of {£, V) to V is isomorphic to the trivial connection 
onO^. 
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We may then give the 

Definition 3.1.6. Let X = X \ 3 be a rig-smooth connected k-analytic curve as in 3.1.1. 
Let {£, V) be an object of MIC(X/fc), with £ locally free of rank fi for the G-topology. We 
fix a sernistahle model 2) of X over X as in (3.1.1). For any k-rational point x G X, we 
define the 2)-normalized radius of convergence 7?.sg,3(x, {£, V)) (or 7^2),zi,...,zr(^> ^))) of 
{£, V) at X as the radius p G (0, 1] of the m,aximal open disk V centered at x, contained in 
X and not intersecting the closed subset S^{^) C X, such that {£,V)\x> is isomorphic to 
the trivial connection {OTi,dTi)^. 

Lemma 3.1.7. Let X, X, 2), V) be as in the previous definition, and /ei V ■ ?)' ?) 
be an etale morphism of semistable k° -formal schemes. Let X = 2)^^, Z' = tp~^{Z), 3' = 

V'*(3); X' = x' \ Z', and g : X' X be the morphism induced by tpr^- Then g*{£, V) is an 
object ofmiC{X'/k) and 

(3.1.7.1) ■R<r)',y{x,g*{£,V))=n<QMx),{£,V)) ,yx&X' . 

Proof. This follows from the discussion in (1.8) and the definitions. □ 

Notice that if £ is free over T> = D<ij^^{x, x G X{k), and wc use a global basis e of 
f on 2? to transform V into the system (0.1.0.1), where the coordinate T is normalized so 
that V -D(0, 1~), X 0, formula 3.1.4.5 collapses to 

(3.1.7.2) 7e(x,S) = min(l,liminf |Gr„i(a;)|-^/") . 

Definition 3.1.8. Let ^ be a semistable model of X above X and X = X \ Z , as before. 
We will say that the ^-Module £ is coherent (resp locally freej over 2) if it is of the form 
spjj(£), for a coherent (resp. locally free) Of^-Module £, where spgj : Xg — ;> 2) is viewed 
as a morphism of G -ringed spaces. We denote by 'M.lC<rj{X/k) (resp. M.lC<i){X {*Z)/k)) 
the full subcategory of'M.IC{X/k) consisting of pairs (f, V), where £ is an O^^-Module 
coherent and locally free over^ (resp. and V extends to a connection on £ with meromorphic 
singularities at Z 

v:f ®i^^^/,(*z) 

Wc will prove the following 

Theorem 3.1.9. Let {£,V) be an object of MICy{X/k). The function X{k) M>o, 
X !->• 7^2)3(a;, {£, V)), extends (uniquely) to a continuous function X — >• ]R>o. 

The proof of theorem 3.1.9 will be based in fact on the construction of a function x n- 
7?.(g3(a;, (f, V)), at all x £ X, extending the definition given in this section for fc-rational 
points X e X{k). Namely, we set the following 

Definition 3.1.10. Let {£,V) be an object o/ MlCg (X/fc). For any x £ X , we consider 
the base-field extension 

'hc,j(f{x)/k ■■ ^' ■■= X®Jif{x) X , 

inducing 

V'x,^(x)/fc : X' := X^Jfix) X , 

and the canonical Jif{x) -rational point x' of X' above x ( cf. the comments following propo- 
sition 1.4.1 of [6]). For any semistable model 2) of X , 2)' = 2)(g)J^(x)° is a semistable 
model of X ; let z[ be the canonical inverse image of Zi G X in X . We set 

{S',V') = rx,j^^,y,{£,V), 

and 

(3.1.10.1) 7^a,,,„...,,^(x, {£, V)) - Tl^,,,,., (a;', {£', V')) • 
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Let £ e |fc| n (0, 1), and let 



X^^^ =X\\jD<giz„s-) . 

i=l 

Recall that we have assumed that all the points Tfg{zi) are vertices of S(2)). Therefore, if 
= >^(S,C) is the semistable partition of X associated to 2), each of the open disks 
D<x){zi,l^) is a maximal disk in an afEnoid Cj e C, for i = l,...,r. We consider the 
semistable partition ^(^) = ,'3^{B^^\C^'^''), where, for each i, we have replaced the affinoid 
Ci by the two affinoids Ci \ Dfxj{zi, 1~) and Dsg (zj, £+), and have added the open annulus 
D<x){zi, 1") \ Ds){zi,e+). So, > ^o, corresponds to a morphism 2)(^) 2) in J^S(X), 
which is the admissible blow-up of the Osg -ideal of sections of whose pull-back to X is 
< 1 on the affinoid disks _Dsg(zi,e+), i = 1, . . . ,r. The closed fiber S}!"^-* is the union of Xs 
and of r projective lines £^f ^ = Pi. The line £^f ^ is at the same time the canonical reduction 
of D2)(zi, £+), and the image of Dsx){zi,e~^) via sp2,(e). Let C 2)^^^ be the open formal 

subscheme sp-J,)(2)i^) \ 4'^)- 

We summarize the previous discussion: 

Lemma 3.1.11. There is a morphism of semistable formal sehemes X'-'^-' — > 2), com,posite 
of an open immersion X^'^^ ^^)^'^^ and of an admissible blow-up 2)*-^'' ^2), whose generic 
fiber identifies with the embedding X^^^ C X. 

The restriction {£,\7)\x(e) of (£',V) to X(^), is an object of MIC3e(e) (X^-^^/fc), and, 
since Vx e X'-^^k), _D<g3(.T,l~) = D^(e){x,l~), and, according to our definition, we are 
allowed to replace the field k by its extension Jf(x), we conclude that TZxic) (x, (£, V)|x(«) ) = 
T^ii),zi,...,zr{x, {£, V)), for any x € X^^\ So, we may restrict our attention to the case where 
there are no Zi's and X = X = 2)^, for a semistable formal scheme 2). 

Let (*B,T) be an ctale neighborhood of 2) which is a basic formal annulus or disk. 
Suppose that the image B of {B,T) = (03, T),, in X is contained in X, and contains the 
point X € X. Now, the canonical point x' G X' above x is an interior point of the image B' 
inX', of B^.yf^{x) = where ^B' := ^^,J^{x)°. More precisely, i?<g',4,...,<(a;', 1") 
is contained in B', and, for any choice of an inverse image y' € B' of x' , it is canonically 
isomorphic to Dfs'{y', If 5B is a disk, the coordinate T of 05 induces the normalized 
coordinate = T — T{x) on D<qi 2[ z'^{x' , If is an annulus, the ctale coordinate 
T on 05 (which is also an etale coordinate on 05') induces a normalized coordinate on 
£'2)',z;,...,z;(a;',l-), with T,{x') = 0, via (c/. (0.2.0.1)) 

(3.1.11.1) T^{y) = {T{y) - T{x))/T(x) , £ D^, ^,,_,,{x' , 1") . 

If the pull-back of £ on S is free, there exists a global basis e of f on the basic affinoid 
annulus (B, T), and we use such a global basis to transform V into the system (0.1.0.1), 
formulas 3.1.4.5 and 3.1.7.2 become 

(3.1.11.2) n{x,T) = min(l,liminf |Gr„i(a;)r^/") , 
for all a: e B, if B is a disk, and 

(3.1.11.3) 7^(x,S) = min(l,|r(a;)|-Miminf |Gr„i(a;)ri/") 

n— >-cxD 

= min(|T(a;)|,liminf|G[„](x)|-V")|r(x)|-i , 

for all X e B, if B is an annulus. Notice that the previous formulas are independent of the 
choice of the global basis e. 
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The previous formulas are especially useful if (f, V) is an object of 'M.lC<i){X {*Z)/k) 
as in 3.1.8 and {B,T) is a basic afRnoid annulus or disk, generic fiber of a basic formal 
annulus or disk (*B,T) varying in a covering of the type described in lemma 1.4.2. Then, 
7^.2)3 (a;, {£, V)) may be calculated locally on B, that is 

(3.1.11.4) 7^a,,3(a;,(£:,V))=7^<B(ar,(f,V)|B) , Var e B , 

and, if £|e is free of finite type and the connection is described via (0.1.0.1) in terms of an 
0(S)-basis e of £{B), this in turn is computed as in (3.1.11.3). 

3.2 Apparent singuleirities and change of formal model 

We describe here how the function x i-> TZ<^^:^{x, {£, V)) gets modified, by a change of formal 
model 2} of X or by addition of an extra point z = Zr+i & -^(k) to Z = {zi, . . . , Zr}. Notice 
that, if 2) 1 —T' SI) is a morphism of semistable models of X inducing the identity on X, there 
is a well-defined function Paji/sg : X{k) — >■ (0, 1) fl such that 

(3.2.0.5) D^,ix,l-)^ Dyix,py,f^ix)-) , Va:eX(fc) . 

The function p<2)j^/<2) is extended to all points x £ X, by using the canonical J^(x)-rational 
point x' G X' := X§)J^{x) above x. Then Sg' := ^§)Jf{x)° (resp. 2)'i := ^i®M'{x)°) is a 
semistable model of X , and 

(3.2.0.6) P2)i/2)(a;) := P<ri[m'{^') ■ 

The following lemma follows easily from the description 1.6.5.2 of EII(X) C X. 

Lemma 3.2.1. Let : 2)i 2) 6e a morphism in J^S{X) and t<x) X —> S(2)) (resp. 
Tsg^ : X — >• 8(2)1)7 resp. t^,s)i ■ S(2)i) — ?■ S(2))j be the retraction described in (1.6.5.3) 

(resp. in (1.6.5.3), resp. in (1.6.5.1)). Then, for any x G X, Tsx)i{x) and tsq{x) belong to 
the same fiber C ofT<g^<g^ : S(2)i) — >■ S(2)). We have 

(3.2.1.1) pa,,/2,(x) =^c([r2,,(x),T2,(x)])-i , 

where £c{[t<Qj^{x),t<x){x)]) denotes the length of the segment [T<x)^{x),Tsg{x)] cC C M.{X). In 
particular, the function /5<r)i/2) continuous. 

Proof, li (pi : 2)i ^ ?) 'P2 '■ ^2 2)i are morphisms in J^S{X), clearly ^3)2/3) = 
(/^2) 2/2)1 ° ■ P^i/y- '^^ reduced to proving the statement when either r^p is 

trivial, in which case it is trivial, or simple, in which case it is simple. □ 

Similarly, if X is as before, SI)i — )■ 2) ^ are morphisms in J^S{X), and Zr+i, . . . , Zr+s G 
X{k) are such that {Dsg^ (zi, 1^), . . . , Z^sg^ (z,.+s, 1~)} consists of r + s distinct disks, with 
T<r).,{zi),...,T<riiizr+s) vertices of S(S2;)i), let Z = {zi,...,Zr} (resp. Zi = {zi, . . . , Zr+s})- 
We may define a function P(a),3)/(a)i,3i) : X \ .Ei ^ (0, 1) fl such that 

(3.2.1.2) Dy,^3^{x, 1-) = D<g,3(x, P(2),3)/(2ji,3i)(^)") > Vx e X{k) \ Zr , 
extended as before to all points of X \ Zi and such that 

(3-2.1.3) p(a,3)/(3,^3^)(a;) = ^c([Ta)i,3i(a;), ra,,3(a;)])-^ , 

where tij)^ is the function of (3.1.4.1), C is the connected (and simply connected) component 
of 5'3 1 (2) 1 ) \5'3 (23 ) such that both raj ^ ,3 , (x) and roj ,3 (x) belongto C , and £c ( [tsj 1 ,3 1 (x) , ra, ,3 (x)] ) 
denotes the length of the segment [73)1,31 (x),T2)3(x)] C C C X \ Zi. 
The general situation is as follows. 
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Lemma 3.2.2. Let notation be as before. Let (£,V) is an object of'M.lC<2){X{*Z)/k), let 
2)i — 7- 2) 6e an admissible blow-up, and z^+i, . . . , Zr+s £ X{k) be such that {D<q^{zi, 1^), . . . 
. . . , £>2)j {Zr+s, consists of r + s distinct disks. Let Z\ = {zi, . . . , Zr+s}- Then {£, V) 
may be regarded as an object of'MICsg^{X{*Zi})/k) and 

(3.2.2.1) 7l2,„3,(a;,(£,V)) =min(l,7^a,,3(ar,(£,V))/p(2,,3)/(a,„3,)(a;)) ,VxeX\Zi. 

Remark 3.2.3. Let (£, V) be an object of MIC«g(X(*Z)/fc) and let z = Zr+i E X(k) n 
(-Da)(zi,l~) \ {zi}). Let T^-^ be a 2)"iiormalized coordinate at zi and 2)i — > 2} be the 
admissible blow-up of the ideal {Tz^{z),Tz^) of Cqj. Then, for Zx — Z U {zr+i}, with 
schematic closure 3i in 2), 
(3.2.3.1) 

7? ^2),3(a;'(^'V))' if a; ^ Li2,(zi,T^i(z)-), 

^^'3^^ ' I min(l,7e>g,3(a;,(£,V))/|T,,(a;)|), if a; G 2)2,(^1, 1") \ 

The previous formula shows that the unnecessary consideration of the apparent singularity 
Zr+i results in a loss of information. 



4 Differential systems on an annulus: review of classical 
results 

In this section fc is a non-archimedean field extension of Qp. We let k^^^ be an algebraic 
closure of k. 

We recall the fc-Banach algebra M'{r\,r2) C 0(B(ri,r2)) of analytic elements on the 
open annulus (0.1.0.2), with < ri < r2. Its elements are uniform limits on B{ri,r2) of 
rational functions in k{T) without poles in B{ri,r2)- The Banach norm of =^(ri,r2) is of 
course the supnorm on B(ri,r2). An analytic element / e ^(ri,r2) defines an analytic 
function / : B{ri,r2) — )■ A"'^ and a continuous extension of / to the closure B~^{ri,r2) = 
B{ri,r2)U{to,ri,to,r2} of B(r\,r2) in A^, still denoted by / : B^{rx,r2) — >■ A^. We consider 
here a differential system S of the form (0.1.0.1) with G a fj, x fi matrix with elements in 
=^(^1)^2)- The function radius of convergence of S according to Christol-Dwork [19] is 
defined for p G [ri , r2] as 

(4.0.3.2) i?(S,p) := min(p,liminf |G[fc](to,p)r'/') , 

fe— >cx> 

where G[k] is the matrix describing the action of (fc!)~^(^)*^ on ^ny formal column solution 

y. Notice that p)/p coincides with TZ(tQ_p, S), as defined in (3.1.11.3), if the entries of G 
are analytic functions on some basic affinoid annulus S = with S (r 1 , r2 ) C B C B[ri,r2], 
and 'R{to,p, S) is taken with respect to 5B. 

We follow the common practice of saying that a function F, defined on a subset of IR>o 
and taking values in M>o, has a certain property V logarithmically if the function log oi^oexp 
has the property V. Christol-Dwork observe that the function p i-> i?(S, p) is logarithmically 
concave (i.e. logarithmically H-shaped) on the interval [ri,r2]. 

This result (first part of [19, 2.5]) follows immediately from the well-known fact that, 
for any / G (ri,r2), the function p 1-^ \ f{to,p)\ is logarithmically convex and continuous 
on the interval [ri,r2]. Moreover, if for a < b, ^i G N, ipi : [a,b] — >■ R is a convex (resp. 
concave) function, then 

= lim sup (fii (resp. ip = lim inf (pi ) 

j— >-co »->-cx> 

is convex (resp. concave). So, p i->- R{T,,p) is continuous on (ri,r2), and lower semicontin- 
uous in ri and r2, by logarithmic concavity. 
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In the second part of loc.cit. , Christol-Dwork show that, as a consequence of their theory 
of the convergence polygon of a differential operator c/. §2.4 of loc.cit. , p ^-> R{Y^,p) is also 
use at ri and r2. They conclude that p i-> R{T,,p) is continuous on [ri,r2]. 

We recall that the system S is said to be solvable at to,r, for r € [ri,r2], if R{T,,r) = r. 

Pons [30, 2.2] proves the following theorem. 

Theorem 4.0.4. The function p i->- p) is logarithmically a concave polygon with a finite 
number of sides on [ri , r2] . The slopes of the sides are rational numbers with denominator 
at most p.. 

Remark 4.0.5. The simpler case of this theorem, for a system solvable at ri and r2, appears 
in §4 of [18]. We cannot follow the topological arguments of Pons loc.cit. . We prefer to 
review entirely the proof of her theorem, based on [19] and [34], to make it completely clear. 
Actually, we need to combine the main theorem of [19, Thm. 5.4], with its variation proved 
by Kedlaya [29, Thm. 6.15]. 

Proof. Let TT G k^^^ be such that TrP~^ = —p. By logarithmic concavity, the continuous 
function R{Tt,r)/r is constantly equal to its maximum value M on an interval [ri,?'2] C 
[ri,r2], with r[ < r'2, and it is strictly increasing (resp. decreasing) for r < r[ (resp. 
r >r'2). Then precisely one of the following holds: 

1. M = l, 

2. M = |7r|^/f\ for some h G Z>o, 

3. IttIVp"-' <M < |7r|Vp\ for some h G Z>o, 

4. M < ]7r|. 

If M < 1, then the interval [ri,r2] can be subdivided in a finite number of intervals of 
the form / = [a, &], where R{T,,r)/r is either strictly increasing or strictly decreasing, and 
for which precisely one of the following holds: 

1. there exists h = h{I) G Z>o such that |7r|Vp''"' < R{T,,r)/r < ]7r|Vp'', for r G (a, 6), 

2. R{i:,r)/r < \n\, for r G (a,6). 

If M = 1, we can find an increasing (resp. decreasing) sequence of points h ^ at & 
[ri,r'i) (resp. h 1-^ bh & {^'2,^2]), defined for h G Z>o as soon as i?,(S,ri)/ri < jTrj^/^'' (resp. 
R{Y.,r2)/r2 < |7r|^/^ ), converging to r[ (resp. r2), and such that R{Y.,ah)/ah = \t^\^^^ 
(resp. R{E,bh)/bh = Kj^/p"). The function R{T,,r)/r satisfies iTrj^p""' < R{E,r)/r < 
|7i-|i/p for r G (a^_i,a/i) (resp. r G {bh,bh-i)), as soon as Oh-i (resp. bh-i) is defined. If 
i?(E,ri)/ri < |7r| (resp. i?(S,r2)/r2 < then R{Y,,r)/r < \tt\ in [ri,ao) (resp. (5o,r2]). 

When R{T,,r)/r < \n\, the precise value of i?(E,r) has been evaluated by Young [34]. 
We recall that the residue field .^(to.r) is the completion of the rational field k{T) under 
the absolute value /(T) h- |/(to,r)l, where 

\{anT"- + ■ ■ ■ + aiT + ao){to,p)\ = max |ai|r* 

i=0,l,...,n 

for a polynomial o„T" H h aiT + oq G k[T]. The derivation d/dT (resp. S := Td/dT) 

extends to a continuous derivation of J^(to.r)/k, of operator norm l/r (resp. 1). By the 
theorem of the cyclic vector, the system E is equivalent over the field =^(io,r)) for any 
r 6 [''i,''2], to a single differential operator 

L = S^- Ci(5'^-i , 6 = T-^ • 
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Young's theorem asserts that if ii(E,r)/r < |7r|, orif Bjo = 1, such that |Cjo(to,r)| > 1, 
then 

i?(S,r)/r= |7r|niin|Cj(V)r'/'' • 

3 

In particular, if R{Y.,r)/r < |7r|, then R{Y.,r)/r can only take values of the form |7r|(|a|r'')^/'' , 
where a G fc and s G Z and j is an integer between 1 and fi. 

Let us consider a finite etale covering : B{si,S2) B{ri,r2) which is a composite 
of maps of the following forms: a Kummer covering x i-^ , for some N = 1,2,..., 
where = , i = 1,2, a dilatation x i-^- ax, for a G fc^, in which case rj = \a\si, for 
i = 1,2, and an inversion x i->- 'yx~^, with n = |7|s^^ and r2 = |7|sj~^, assuming such 
a 7 G fc^ exists. Among Kummer coverings we have the Frobenius covering of degree h: 
iph ■ B{ri,r2) —7- B{r\, r^), x ^ . For any ip as above, we may pull-back the system to a 
similar system on B{s\,S2), which we denote by <^*S, in an obvious way. 

Remark 4.0.6. The dilatation map f : x ^ ax, for a G , transforms isomorphically the 
disc D{0,1^) into the disc D{0,\a\'^). sending to^i to fo,|a|- If G |A;^|, and |o| = r, the 
system ip*Yi is associated to the operator 

ip*L = 5^ - Ci{ax)5''-^ C^,{ax) 

satisfies R{ip*Yj,\) = i?(S,r)/r. If r ^ I^^L one can reason in the same way after the base 
change to kr := k{r~^Ti,rT2}/{TiT2 — 1). In this form Young's result appears with full 
details in [23, VI, 2.1]. In the same vein, one can avoid consideration of i?(S,r) as r ^ ri, 
and only discuss the case r — >■ r2, by using the inversion x x~^. 

Lemma 4.0.7. Let 7 G fc^ and Lp : B{\j\, 1) B^jl, 1) be the inversion x 1-^ ^/x. Let S 

be a system on -B(|7|, 1) as above. Then, for any r G [I71, 1], 

i?(<p*E,r)/r = i?(E,|7|/r)/(|7|/r). 

Proof. An immediate calculation shows that for any /c-rational point a G -B(|7|, 1) and any 
R G (I7I, \a\), (f induces an isomorphism, of the disk D{a, onto the disk D{j/a, {R 17/0^1)+). 
Therefore, by the interpretation of -R(S, r) as the radius of the maximal disk centered at the 
canonical point a above to_r in J^(fo,r)®-S(|7|, 1), for which \x{a)\ = r, where a fundamental 
solution matrix of the base change of S at a converges, we deduce 

i?(E,|7|/r) = (|7|/r2)i?(<^*S,r), 

as promised. □ 

Of special interest is the pullback by Frobenius: the main theorem of [19] combined with 
[29, Thm. 6.15] asserts that if, for some fixed h G Z>o, a system S of the form (0.1.0.1) 

satisfies 

iTTl^f'"' <i?(E,r)/r < iTTl^/f" 

for any r G (?'i,r2), then there exists a system S/j with coefficients in ^{r\ ,r2 ), unique 

in the sense of J^{r\ ,r2 )/fc-differential modules, such that E = f'^Tih, where "=" means 
isomorphism of J^(ri, r2)/fc-differential modules. Moreover 

R{^h,r''")/rP" ={R{^,r)/rf , 

^The semilinear version of the map is often used instead. Namely, for any continuous lifting cr 6 Aut(fe) 
of the absolute Frobenius of k, one considers ^t*^) : B{ri,r2) — > B{rf,r2)'Sk,<Tk, which is ^^aiT'^ i-^ 
afTP'^ at the ring level. See section 5.4 below. 



38 



so that R{Yih,r)/r < \tt\ in (r'^ .r^ ), and Young's theorem can be appUed. Notice that if 

the graph of R{T,ii,r)/r is logarithmicahy affine with slope a in the interval [rf ], so is 
R{T,,r)/r in [ri,r2]: 

R{Eh,r)/r = Cr°' ^ r^" )/rP' = Cr^P'^ =^ R{^,r)/r = C^/p'^r°' . 

So theorem 4.0.4 is proven in the case R{T^,r)/r < 1 in [ri,r2]. If the function R(Y^,r)/r 
reaches the maximum value 1 in [ri,r2], we are in the case treated by Christol-Mebkhout, 
and can follow their argument [18, 4.2]. Namely, we operate as in case M = 1 above, and 
reduce, possibly by an inversion, to the case when R{Ti,r)/r is strictly increasing to 1 in 
[ri,r2]. Then we consider the sequence ah & [ri,r2], described above (where r'l = r2), 
defined for h e Z>o as soon as ii(S,ri)/ri < \'k\^/p , converging to r2, and such that 
R{T,,ah)lah = |7r|i/p\ The function R{T.,r)/r satisfies \-k\^'p'^~' < R{T,,r)/r < |7r|i/p'* 
for r e (a/i_i,a?i), as soon as at-i (resp. bh-i) is defined. If i?(S,ri)/ri < |7r|, then 
R{T,,r)/r < |7r| in [ri,ao). So, by the previous argument, the function R{I],r)/r is con- 
tinuous, logarithmically concave and piecewise afHne with rational slopes with denominator 
at most /ti. But in this special case, those slopes are positive and must be decreasing as 
r — )• r2. The constraint on the denominator shows that there is a non negative rational 
number /3 with denominator bounded by /i, such that, for sufficiently big h, the fun(;tion 
R{T,,r)/r on the interval [ah-i,ah] is of the form Chr^ . So, Ch is independent of h, and, 
since r2)/r2 = 1, Ch = r^^ ■ So, theorem 4.0.4 is proven in every case. □ 

Corollary 4.0.8. Let X he a closed k-annulus in the analytic k-line Aj., and (0.1.0.1) 
be a 1^ X 1^ system of linear differential equations on X. Let r : S{X) [ri,r2] be 

the function "radius of a point" of [5, p. 78], restricted, to S{X). Then, the restriction of 
X R{Yi,r{x))/r{x) to S{X) is the infimum of the constant 1 and a finite set of functions 
of the form 

(4.0.8.1) \p\^'^P-^^p''\h\^lip''r{xy'^ , 

where j G {1, 2, . . . s e Z, /i e Z U {oo}, b G . 
Example 4.0.9. ([23, IV.7.3]) Let a € k° and regard 

(4.0.9.1) E„ : 4^ = -^y, 

as an analytic differential equation on any strictly affinoid annulus of the form 

X = B[-l-rur2]cAl\{-l}, 

with its minimal semistable formal structure 3£. For any x G X, the solution of on ^^^.^ 
which takes the value 1 at (the canonical point over) x is 

= (1 + YJJ^r e 1 + (T - T{x))Jf{x)[[T - T{x)]] . 

Let 

(i(Q:,Zp) = inf{|n — a| | n G Z } S , 

and assume p~"^~^ < d{a,Zp) < p~"^, with m € Z>o. The radius of convergence of the 
power series 

5«(c/)=i+f:f")c/\ 



=1 
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is then 

1 1 1 m 1 

so that 

-Rx{x, S„) = i?(E„,a;)/|l +T(a;)| = r„ 

is of the form predicted by corollary 4.0.8 on S{X) = S{3C) and is in fact constant all over 
X. 

5 Dwork-Robba theory over basic annuli and disks 

We keep the notation and assumptions of the previous section on the field k, but the system 
E of (0.1.0.1) is supposed to be defined on a basic affinoid annulus or disk {X,T), as in 
definition 1.4.1. Recall that {X,T) is the generic fiber of a formal coordinate neighborhood 
{3i,T) either in a standard formal annulus of height I7I, Spf A;°{S', T}/(S'r — 7), with 7 e k°, 
or in the standard formal disk Spf k° {T} over k° , and in particular that the coordinate T 
on X is the pull-back of the formal coordinate T on X. In this case, X has canonical strictly 
semistable reduction, and the corresponding strictly semistable model of X is the minimum 
one, and coincides with 3C. So, Dx{x, 1~) = Dx{x, 1'), for any x & X \ S{X) — X \ S{X). 
We denote by || — \\x the supnorm on X. Let £ = and let V be the connection on 
£, whose solutions are the column solutions of the system S. We consider the system of 
ordinary linear differential equations (0.1.0.1) on X. We define G[j] , for i e N, as in (3.1.4.2), 
for the global coordinate T on the formal annulus or disk 3i. 
If X is a disk, we set 

(5.0.9.2) n{x,Y,) = min(l,liminf |Gr„i(a;)|-^/") . 

If X is an annulus, we set 

(5.0.9.3) i?(x,E) =min(|r(x)|,liminf |Gr„i(x)|-i/") , 

n— >oo 

and 

(5.0.9.4) n{x, E) = R{x, E)/|T(a;)| . 

Then, according to (3.1.11.2) and (3.1.11.3), we have in any case 

■Rx{x,{£,W))=n{x,^) . 

5.1 The Dwork-Robba theorem 

We state here a useful form of the theorem of Dwork and Robba [23, Thm. 3.1, Chap. IV]. 
A multivariable version of it is given in [28] and [2, 4.2]. 

Theorem 5.1.1. Let x e X, E, Gj^j, for i gN, and R = R{x,T,) be as above. Then, for 

any n €N we have the following estimate 

(5.1.1.1) |G[„](x)| <Gn'^-ii?-" , 

where 

C= max (i?*|i!l llGriilL) . 
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Proof. We may assume that (X, T) is either a standard formal annulus of height |7|, with 
7 e k°, or the standard formal disk over k°, cf. (1.4.1), and that X = Xrj. We can also assume 
that k is algebraically closed. We first explain the notation and the result of remark 3.2 in 
[23, Chap. IV]. So, let t = ta,p G X,{or a€ k and < p < 1, and let Aa,p = Ox{Dx{a,p~)) 
be the ring of analytic functions on Dx{a,p~). Let A'^^ ^ be the quotient field of the ring 
Aa,p, that is the field of meromorphic functions on Dx{a,p~). Notice that the fc-linear 
derivation 9 : / iH- ^ of Aa,p extends uniquely to a fc-linear derivation d of A'^^p. 
The boundary seminorm 



: A' ^ K>o U {(X)} , 



is defined, for any / G .4' as 



a,p = limsup \f{ta,R)\ ■ 
R-^p- 



We refer to loc.cit. for the properties of this seminorm, and in particular for the fact that, 
for any / € A'^ ^, 

(5.1.1.2) <p-« , Vs>0 . 

Now, notice that the fc-linear continuous So, let us assume that we are given a. fi x fi 
matrix of meromorhic functions on Dx{a, p~), such that 

(5.1.1.3) E:dY = GY. 
Then, for any s > 0, 

l(a^r)y"i = G[,], 

and theorem 3.1 and remark 3.2 of [23, Chap. IV] assert that 

(5.1.1.4) \\G[s]\\a,p<p-'s^-' sup {pW[i]\\a,p)- 

0<i<p.-l 

Now, consider a /c-rational point x of X, and notice that there exists a solution matrix Y 
of (5.1.1.3) analytic in Dx{x, R~), with R = R{x, S). If we insist that Y{x) be the identity 
matrix, this solution is the sum of the convergent series of polynomial functions 

Y = f2G[,^{x){T-T{x)y. 

1=0 

In this case, the matrices Gj^j are analytic on X, and in particular on Dx{x, R~), so that 
l|G[,]|U,p= sup lG[,](y)|<|lG[,]|U , 

yGDx{x,R-) 

and the previous estimates for p ^ R imply 

(5.1.1.5) \G[,^{x)\<R-'s>'-' sup (i?'||G[i]||x) . 

0<j<iu-l 

So, our result is proven for x a fc-rational point of X. For the general case, we extend the base 
field from k to any algebraically closed non-archimedean field k' over Jif{x), and consider 
the canonical /c'-rational point x' £ X®kk' =: X' above x. The system S is to be interpreted 
on X' , and we write X' = 3c^k°k'° and (£"', V') for the pull-back of (f, V). The matrices 
G[s], however, do not change and ||G[i]||jf = ||G[.;]||jf'. Moreover. R = R{x,T,) = R{x',T,) 
(while Uxix, {£, V)) = Ux'ix, {£' , V')) by definition!). So, we obtain 

(5.1.1.6) |G[,](x')| <i?-^s^-' sup {R'\\G[n\\x), 

0<i<n-l 

and the theorem is proven. □ 
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The next corollary is the prototype of a transfer theorem to an ordinary contiguous disk 
[23, V.5]. 

Corollary 5.1.2. Let D be an open disk in X , and let t be its limit point in X \D. Then 
=inf^eci?(a;,S). 

Proof. Let R = mf^^D R{x, S), let r be the radius of D and let 

^ = i<)f-i ' 1 1 1 1 = ma_x (r^ \i\ \ \ {t)\) . 

If R{x, S) > r, for some x G £), then R{y, S) = R{x, S), for all y in an open disk D' with 
D ^ D' c X. The statement is obvious in this case. So, we may assume that R < r. We 
have, for any x G D and n > 0, 

(5.1.2.1) |G[„](a;)| < Cn^-^i?(a;, E)"" < Cn'^-^R-'' . 
So, we also have 

(5.1.2.2) |G[„](t)| = < Cn'^-^i?-" , 
which shows that R < R{t, S). On the other hand 

(5.1.2.3) |G[„](x)| < ||G[„]|b = |G[„](i)l < Gn''-ii?(i, S)-" , 

shows that R{x, S) > R{t, S), for any x G D. □ 

5.2 Upper semicontinuity of a; i-> R{x, E) 

We proceed in our discussion of the system (0.1.0.1) on the basic afRnoid annulus or disk 
{X, T) to show that the function x i— > R{x, S) is USC on X. Again, the multivariable version 
of this discussion appears in [2, 4.3]. 
We define 

(5.2.0.4) ^(a;,5]) =liminf |Gr„i(a;)r^/" , 

SO that 



(5.2.0.5) R{x,T.) 



min(l, i?(x, S)) if X is a disk 
min(|T(x)|, -R(x, S)) if X is an annulus. 



and will equivalently prove that the function x ^ R{x, S) is USC. We exclude the case when 
there exist x G X and s such that G[„](a;) = 0, for any n > s, since i?(y, S) = oo and, for 
any y G X, 



(5.2.0.6) i?(y,E) 



1 if X is a disk 
\T{y)\ if X is a annulus, 



in that case. For s = 1,2,... and for x G X, let 

(5.2.0.7) <^,(a;)=irif |G[„](C)|-^/". 

n>s 

So, x Lps{x) is USC on X, and 

(5.2.0.8) R{x) = R{x,E) = lim ^^(a;) 

s—>oo 
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is the function introduced in (5.2.0.4). The Dwork-Robba theorem 5.1.1 imphes that, Ve > 0, 
3 Se such that V n with n> 

(5.2.0.9) |G[„](x)|V»<^, VxeX, 

R{x) 

that is 

(5.2.0.10) |GH(a;)|-^/" ^ S ' e X . 



Hence 



(5.2.0.11) 



Ve > 3sp such that Vs > 



(^^(a;) < i?(x) < (1 + e)(ps(a;) Va;eX 



because the sequence s ifs is an increasing sequence of functions on X. Then, Ve > 0, 
3 Se such that 

(5.2.0.12) 0<R-ips<sonX, Vs>Se. 

So, i? is a uniform limit of USC functions on X, and is therefore USC. 

5.3 The generalized theorem of Christol-Dwork 

Theorem 5.3.1. Let T, he a system, of linear differential equaiions on the basic affinoid 
annulus'^ {X,T), as above. The function x i— J- R{x,T,) restricts to a continuous function on 
S{X). 

Proof. There is a natural homeomorphism t] : [ro, 1] -^-^ S{X), r i-^- r]r, with Tq G (0, 1] fl 
We follow the method of [19], recalled in §4: the function (5.2.0.4) 



i?(r?r,S) = liminf |Gr„](r?r)| 



-1/n 



is logarithmically concave on [ro, 1], hence continuous on (ro, 1) and LSC at ro and 1. On 
the other hand, we showed above that x i-> R[x, S) is USC all over X. This proves the 
theorem. □ 

5.4 Descent by Frobenius 

We recall that, for any morphism of schemes tt : F — >■ iS where p = on S", we have a 
canonical commutative diagram 

Y ) — ^ Y 



□ 



(5.4.0.1) TT \ 7r(P) 

S 

where Fabs (resp. Frei) denotes absolute (resp. relative) Frobenius, and ^ o F^^i = -Fabs- 



^the case of a disk is here trivial. 
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Let (X,T) be a basic formal annulus over k° of radii ri,r2 G |A;| n (0,1], as in (1.4.2.1). 
We denote tt : 3£ — >■ Spf k° the structural morphism. In our case diagram 5.4.0.1 for 
becomes 



Frel 



(5.4.0.2) 



TTs \ TT, 



(P) 



□ 



Specfc 



Spec fc 



Let us choose a continuous ring automorphism a : k° ^ k° lifting the absolute Frobenius 



F*jjg : X oi k. We want to show 



Lemma 5.4.1. The left hand triangle in diagram 5.4-0.2 lifts to a commutative diagram of 

k° -formal schemes 



(5.4.1.1) 



Spffc° 



where ny^ia) :— tt^'^^ : X^"'-' Spf k° is a formal annulus with special fiber (Xg)'^^^ — > Spec^. 

Proof. Let us start with the special case of X = *B(ri, r2). In this case we know that there 
exists a commutative diagram 



(5.4.1.2) 



where 



»(ri,r2) 
7r\ 



Spf A;° 



^{rl rl) = Spf k°{S, T, U]/{alS -T,TU- a\) , 

■j^ip) ■ «B(r^,rf) Spf A:° is the natural structural morphism, and the map $ is defined at 
the ring level by 

(5.4.1.3) 



h,i,j h,i,j 



We need to use a semilinear version of this map, as follows. We consider the diagram 

lB(n,r2) 

(5.4.1.4) 



Spf A;° 



where the map is defined at the ring level by 

(5.4.1.5) ($("))* : J2 ah,^,JS''T'W ^ ^ a^.^SP^TP^UP^ . 

h,i,j h,i,j 

We observe that the previous diagram 5.4.1.4 satisfies the requirements of the statements 
5.4.1.2 for X = Q5(ri, r2) =: 03, X^'^) = Q3(rf , rD^w^ak" =: QS^'^', and in particular that 
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lifts Frei : *8s "si^K We call Ti"® J Ti"^ instead of simply tt, tt^"^^ , the structural morphisms 
of 58 and *8''^\ respectively. Consider the commutative diagram of cartesian squares 



Frel 



(5.4.1.6) 



a. 



25. 



□ 



„(p) 



□ 



\(p) 



a.. 



We now define a^'^) : X^'^' — > 25'^'^) as the unique lifting of ai^^ : xi^-* according to 

[7, Lemma 2.1]. We obtain a unique map F^^^ : X X^'^^ lifting i^rei : — >■ ^l^'', and a 
cartesian square 



(5.4.1.7) 



a 



□ 



We now define tt'"^^ : X^'^) — >■ Spf A; as tt^^ o a^"^), and obtain diagram 5.4.1.1. 
We recall that there exists a continuous map of A;°-modules 

(5.4.1.8) : ^ ah,ijS''TW ^ J2 aph,pi,pjS''TW , 

h,i,j h. i n 



□ 



such that o $* = id 

1 v 2^ 

The generic fibers = : B[ri,r2] B[r\,rl] and (?i(<"' = (^'('^))^ : -B[ri,r2] ^ 
-B[r^, r2]®fe.(Tfc of the previous maps arc both classically used in the theory of descent of 
differential modules by Frobenius, as we have illustrated (using the linear map) in the 
previous section (where = <^i). We have the following generalization of the theorem of 
descent by Frobenius of Dwork and Christol. 



Theorem 5.4.2. (Descent by Frobenius) Let X he a basic formal annulus over k°, 
and let F^^^* : X X^"^^ be as in lemma 5. 4-1- We denote by (p^"'^ : X := X^ ^• 
:= Xj,"^^ the generic fiber of Fj^^> . Let {£,V) be an object ofMICx{X/k) and as- 
sume that 7?.3e(a;, (f , V)) > , Vx G X. Then, there exists a unique object (.7^, V) of 
MIC^(<,)(X(<")/fc), such that (f , V) = ((;i('"))*(7', V). For any xgX, we have 



(5.4.2.1) 



7^3e(.) {4>^^^ (x), {T, V)) = TZxix, {£, V)Y . 



Proof. The construction of (.F, V) is the same, mutatis mutandis as the one of Christol- 
Dwork [19, 4.3] and of [23, V.7]. It is important however to use the coordinate-free presenta- 
tion of Kcdlaya [29, 6.3], that eliminates the problem of apparent singularities, which causes 
so much technical complication in [19] and [23]. We do not give details here. Notice however 
that one may assume, without loss of generality, that the field k contains the p-th roots of 
unity. The group iip acts on *B(ri,r2) via C '"^ '^C' where : {S,T,U) {(S,(T,C~^U) 
and the map of formula 5.4.1.8 is 

C6Mp 
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The quotient map ?B(ri,r2) — >■ ^{ri,r2)/Hp identifies with $ in (5.4.1.1). The action of 
on !B(ri,r2) uniquely lifts to an action on X and on X^'^h The quotient map X X^'^^ jjLp 
identifies then with F^^^ in (5.4.1.2). 

We may now follow the method of Kedlaya loc.cit. to conclude. □ 

6 Continuity, log-piecewise linearity and log-concavity 

of Tl^,^{x, V)) 

We use here the notation of definitions 3.1.6 and 3.1.8. The assumption that k is algebraically 
closed may be now relaxed. We assume that is a non-trivially valued non-archimedean 
extension field of Qp, X = S)??, for a semistable formal scheme 2), 5 is a finite etale closed 

fc°-formal subscheme of 2), supported in the smooth locus of SJ). The generic fiber 2' of 3 is 
supposed to consist of r distinct fc-rational points {zi, . . . , Zr} C X{k) and X = X \ '^. 

Theorem 6.0.3. Let (£, V) be an object of MIC<r,(X{*Z)/k). The function X -)■ M>o, 
X !->• 7^2)3 (a;, {£, V)) is continuous. 

Proof. We have already shown in lemma 3.1.11, that the statement reduces to the case 

when there are no z^'s, i.e. X = X is compact. We then set SJ) = X for the given semistable 
model of X. For any non-archimedean field extension k' /k and etale morphism of semistable 
fc'°-formal schemes : 2) ~^ X®k'° , the assignment 

(6.0.3.1) ^(y) = 7^2,(2/,V*(f,V)) , Vj/ e 2),, , 

is an etale-local system of functions (/^)^ on X with values in (0, 1], as defined in (2.0.2), 
by lemma 3.1.7 and the definitions. 

In the end, by lemmas 1.4.2 and 2.0.3, we are reduced to the situation of §5, and in 
particular to proving the following 

Lemma 6.0.4. Let {X,T) = (X, T)^ be a basic affinoid annulus, and let x ^ X, Y,, Gj^j, 
for i e N, R{x) := i?(a;, S) he as in theorem 5.1.1. Then the function R : X ^ ]R>o is 
continuous. 

Proof. Let R{x) := i?,(.x, S) be as in (5.2.0.4). We check conditions (1) to (5) in theorem 
2.0.6 for the function R. Notice that R{x,Tj) is given by formula 3.1.7.2 in terms of any 
formal etale coordinate on X, and over any non-archimedean extension field fc'/fc. Condition 
(1) is obvious: if xo G X{k), R{x,Y;) = R{xo,Y), Vx G Dx{xo, R{xo,12)~). Condition (2) is 
clear since, for any affinoid V C X, 

\G[n]{x)\ < max |G[„](y)| . 
!/er(y) 

and therefore ^ _ 

i?(a;,E) =liminf|Gr„i (a;) r^/" > min R{y,E) . 

So, the same holds true for i?(a;, S). Conditions (3) and (4) have been proved together in 
section 5.3. Condition (5) was proven in section 5.2. □ 

This proves the theorem, too. □ 

Remark 6.0.5. In [2, 5.3] we gave a direct proof of this statement, in the case of a system 

(i.e. for £ free) over an affinoid domain of A^. 

Corollary 6.0.6. Assume 2) is strictly semistable, and let n he the rank of £ on X = X\Z. 
Let E he an open edge 0/83(2)) and let E he the closure of E in X. We have the following 
possibilities: 
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1. E is of finite length r^^ € [1,cxd). Then, for any choice of one of the two canonical 
homeomorphism p : E > [te, 1], the restriction of x i— t- TZ{x) := 72.2)3(0;, (£", V)) to 
E is the infimum of the constant 1 and a finite set of functions of the form 



where j € {1, 2, . . . , /z}, s e Z, /i e Z U {00}, b G . 

2. if E is of infinite length, and Zi is a boundary point of E in X , and p : E ~ > [0, 1] 
is the canonical homeomorphism, luith p{zi) = 0, then, V e G |fc| H (0, 1) the restriction 
of X 7?.2)3(x, , V)) to p~^{[e, 1]) is an infimum of a finite set of functions as in 



Proof. We may restrict to case 1. We know the result in case t^^{E) is an annulus in A^. 
So, the restriction of x 'l^<x),zi,...,zA^^ (^)^)) to p~^([r£;/e,£]) has the required properties 
for any e £ n (r^''^ 1). Let R{r) = 7^2l,3 (p-i(r), (f, V)), and let S = logoi?ocxp. So, S 
is concave, piecewise linear and continuous in [logr^, 0]. We have to show that is a polygon 
with a finite number of sides. It is enough to show that the slope of the function S{t) is 
bounded as t — > 0, since the case t logr^ may be obtained by inversion. Wc may then 
assume, going to an etale neighborhood of the singular point of 2) corresponding to E, that 
T2j^(i?) is a basic affinoid annulus. We may now follow the strategy of proof of theorem 
4.0.4. If wc have i?(0) = 1, the result is clear because in this case S is never decreasing in a 
neighborhood of 0, and its slopes are then non-negative. On the other hand, the slopes are 
rational numbers with denominator bounded by /it. So, there can only be a finite number 
of sides. If i?(0) < 1, wc apply wc apply our result (5.4.2) of descent by Frobenius instead, 
and reduce eventually to the case explicitly computed by Young, precisely as in the proof of 
theorem 4.0.4. □ 

The last results show that the function logp i->- log7?.2)3(p~^(— ), (^) V)) on [logr£;,0] 
as in (6.0.6.1) is a finite concave polygon < 0. In particular, [23, Appendix I, Corollary], 

Corollary 6.0.7. Let E be an edge of finite length of S-^{^), parametrized as in corollary 
6.0.6, and let x,y £ E be such that p{x) < p{y). Then, ifTZr^^^^x, (f , V)) = 7?.>g3(y, {£, V)) = 
1, one has TI<q^^{z, (£, V)) = 1, Vz G sp^^([a;, y]), where [x,y] = p~^{[p{x), p{y)\). 

Our last result makes use of the p-adic Turrittin theory of [1]. A crucial point needed 
in that paper in order to analytically reduce the system to its formal Turrittin canonical 
form, was the non-appearance of exponent differences of p-adic Liouville type. We recall 
that, for any differential system E as in (0.1.0.1), with G a matrix with entries in k{{T)), 
the exponents at of Yi are formal invariants of the (fuchsian part of the) corresponding 
differential module (f, V), and the exponent- differences at are the exponents at of the 
system corresponding to the differential module of endomorphisms (f n(ife((T))(f), V). So, 
the difference of two exponents at is an exponent-difference at 0, but the converse is false 
in general. 

Remark 6.0.8. We recall that, by the p-adic Roth theorem, algebraic numbers are p- 
adically non-Liouville. 

Proposition 6.0.9. In the previous notation, assume {£, V) is an object o/MICsg {X{*Z) / k) 
and let E be an open edge of infinite length of S-^{^), luith closure E ending at the k-rational 
point Zi. Let p^. (f , V) be the Poincare-Katz rank [1] of (f, V) at Zi, and assume that the 
exponent- differences of {£, V) at Zi are p-adically non-Liouville numbers. Then, the re- 
striction of X H> 7^<g,3(a;, (f , V)) to E is the infimum of the constant 1 and a finite set of 
functions of the form 



(6.0.6.1) 



\p\yip-^)p''\b\yip%{xy/i 



6.0.6.1. 



(6.0.9.1) 



\p\yip-^)p^\b\"ip^ p{xyii 
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where j € {1,2, . . . , s e Z, /i e Z U {00} , b G and s/j < Pzi{£, V). We have 
(6.0.9.2) ^^.a^"^' V))/|T,,(a;)r»i(^'^) = C , 

for a non-zero constant C G |(fc^'s)^|. 

Proof. This is a combination of the previous discussion with [1, prop. 4]. □ 

Wc have a variant of corohary 6.0.6: 

Corollary 6.0.10. Let v be the second end of E as in the proposition. Then, if (£, V) is 
regular at Zi and TZfX),^{v, {£, V)) = 1, we have 'R.fx),^{z, {£, V)) = 1, Vz £ D<xj(zi, 1^) \ {zi}. 

Wc conclude 

Proposition 6.0.11. Let {£,W) be an object of MIC <x,(X{*Z)/ k) , and let (2)i,3i) be 
another pair like (2), 3)- We assume that 2)i, Zr+i, • • • , Zr+s are as in equation 3.2.2.1 and 
that Z\ — {zi, . . . , Zr+s}, Xi — X\Zi. Then z ^ 7^2)3(2;, {£, V)) is identically 1 on X if 
and only if z ^ 7^2)^3^(2, (£, V)) is identically 1 on Xi. 

Proof By (3.2.2.1), 7^2,^3^ (z, (5, V)) > 7^a,,3(z, (£, V)), Vz e Xi. So, let us assume that 
7?.2)j3^(z, (£, V)) = 1, Vz G Xi. Suppose first that 2) = 2)i7 and s = 1. So, the disk 
D<Q{Zr+i, 1^) contains no singularity of (£,\7), and, by the transfer theorem 5.1.2, for any 
z G £'2,(z^+i,l-), 1 > 7^aJ,3(z,(f,V)) > 7^2,,3(^;,(f,V)) = ny,3,{v,{£,V)) = 1, where 
V is the boundary point of D<x){zr+i, 1^) in S(2))- Let us assume instead that s = and 
S(2)i) is obtained from S(2)) by addition of one open edge E and one vertex v. Let w be 
the second end of E. Then, the edge E corresponds to a fc-rational open annulus B{te, 1) 
in an open disk Z)(0, 1^) = D(Q{a,l~), via a 2)-iiormalized coordinate at a, where the 
vertex v (resp. w) corresponds to tg^+ (resp. to r!j)(a) = to,i). Now, again by (5.1.2), 
7^2),3(w, (5, V)) > TZ<xf,-^{v,{£,W)) = TZ<Q^,:^{v,{£,V)) = 1, We conclude from proposition 
6.0.10 that 7?.2)3(z, (f , V)) = 1, Vz G X. Suppose now s = and S(SJ)i) is obtained from 
S(2)) by subdividing one open edge of S(2)) b& E = E\V^ {y) U Ei, where v (resp. E\, 
E2) is the only new vertex (resp. are the only new edges) of S(2}i). Then, _D2)i,3(-z, 1~) = 
£'2)i,3(z, 1~), and therefpre, for any object (J^, V) of M.lC<x) {X {*^) / k) , 72.2)i3(z, {£, V)) = 
7?.2)3(z, {£, V)), for any z G X; so the result follows also in this case. The general case is an 
iteration of the steps we have described. □ 

Corollary 6.0.12. Theorem 0.2.1 holds. 

Proof. Let {F, V) be an object of 'MlC-^{X(*Z)/k) satisfying the assumptions of Theorem 
0.2.1. From the corollaries 6.0.7 and 6.0.10 wc deduce that the function x ^ TZ^ ^(z, (7^, V)) 
is identically 1 on. X = X \ Z. Let D be an open disk in X. We may assume that D is 
isomorphic to D{0, 1~), and must show that the restriction of .7-"^ to D is locally constant. If 
D is contained in one of the disks D-^{zi, 1^), hence in the punctured disk D-^{zi, \~) \ {z^}, 
the restriction of J^"^ to D is in fact constant. Similarly if D C D-^{x, 1"), for some x G X{k), 
X ^ Ul^iD-^{zi,l~). Otherwise, we may replace D by any smaller closed fc-rational disk, 
and assume that the maximal point u of D is an interior point of an open edge of 83(2)). 
The closed subset DtlS^iJ^) of D, has a canonical graph structure, whose open edges (resp. 
vertices) are all the open edges (resp. vertices) of 83(2)) contained in D and the extra 
open edge E Ci D (resp. v). We call F this graph structure. So, F corresponds to a formal 
model J) of D, and clearly z i-> TZ^^z, (7^, V)|£)) is identically 1 on D. But J^^u is free, so 
that {J^, V)|£) corresponds to a system S as in 0.1.0.1, over the closed disk D(0, 1+), with 
i?(to,i, S) = 1. The transfer theorem shows that TZ{x, E) = 1, Va; G D{0, 1+). □ 
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Remark 6.0.13. Let X be a compact rig-smooth strictly fc-analytic curve. Given an object 
(£", V) of MIC(X/fc), we may look for semistable models oi X such that (f, V) is an 
object of MIC.a)(X/fc). The function x ^ 'R^{x,{£,SI)), X [0,1] then depends on 2) 
as explained in subsection 3.2. For any point v € X oi type (2), let E he & segment of 
X ending at v. We may find a formal model 2) of X, as before, such that w is a vertex 
of S(2)), and that an edge £ of S(3)) ending at v is contained in E. We parametrize the 
closure of by p : Z ^ [r, 1], with p{v) = 1, as before. Then, the right slope of the function 
logp{x) log7?.sg(x, (f, V)) at 0, is independent of the choice of 2), and it is called the 
maximal slope of {£, V) at v in the direction of E. We regard theorem 0.2.1 as an indication 
of the existence of a purely analytic theory of slopes. 

We now answer a question raised by Berthelot. 

Proposition 6.0.14. Let f :Y ^ X be a non-constant morphism of rig- smooth strictly k- 
analytic curves, where X admits an embedding as an analytic domain in the analytification 
of a smooth projective k-curve. Then, if{£,V) is an object ofMIC^°^''°'{X/k), /*(f,V) is 
an object ofMIC^"''^''{Y/k). 

Proof. Let D be any open disk in Y. Suppose first that X is isomorphic to an analytic 
domain in a projective curve X of genus > 1. Then the map / induces an analytic map 
f : D ^ X and, by [5, 4.5.3], f{D) is contained in an open disk in X. By the arguments given 
in the proof of [5, 4.5.2], it follows that f{D) is an open disk in X. Therefore, f{D) = f{D) 
is in fact an open disk in X. Suppose now that X is an analytic domain in A^. By the 
same arguments as before, we have that f{D) is an open disk in X. In the cases considered 
so far, the fact that /*(£", V) is a Robba connection is checked directly on the definition. 
Finally observe that on X = P^, MIC(X/A:) = MIC^°''''"(X/fc) only consists of direct sums 
of copies of {Ox,dx/k)- But the inverse image of {Ox,dx/k) via / is (0^,^^/^), which is 
a Robba connection. □ 
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